The q-CG Method Applied to the Wave Annihilation Problem
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The history of q-calculus dates back to the beginnings of the last century when, based on pioneering
works of Euler and Heine, the English reverend Frank Hilton Jackson developed it in a systematic way
[1]. His work gave rise to generalizations of series, functions and special numbers. He reintroduced the
concepts of the q-derivative [2] [3] (also known as Jackson’s derivative) and introduced the q-integral [4].
Recently, based on Jackson’s derivative, a generalization of the classical steepest descent method,
called the q-gradient (q-G) method has been proposed for solving unconstrained continuous global optimization problems [5]. The main idea behind this new method is the use of the negative of the q-gradient
of the objective function as the search direction. The geometric interpretation of the derivative of f (x),
a one-variable function, is simply the slope of the tangent line at a given point x, see Fig. 1. Similarly,
the q-derivative has also a straightforward geometric interpretation as the slope of the secant line passing through the points (x, f (x)) and (qx, f (qx)). It is immediately evident that the q-derivative can be
positive or negative depending on the value of the parameter q. For q = 1, the q-G method reduces to
the classical steepest descent method. Thus, the use of Jackson’s derivative can be used as an effective
mechanism for escaping from local minima [5].

Figure 1: Geometric interpretation of the classical derivative and the q-derivative for different values of the
parameter q.

Along the same line, Gouvêa et al. (2013) introduced the q-CG method, a generalization of q-derivative
of the well-known Conjugate-Gradient method using the concept.
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The q-CG method is a generalization of Fletcher-Reeves conjugate gradient method [6] in which the
first search direction is the negative of the q-gradient vector, −∇q f (xk ), and the following directions are
linear combinations of the negative of the q-gradient vector at the current point and previous directions.
Values of qi are drawn from a Gaussian probability density function (pdf), with a standard deviation
that decreases as the iterative search proceeds. Starting from σ 0 , the standard deviation of the pdf is
decreased by σ k+1 = β · σ k , where 0 < β < 1 is the reduction factor. As σ k approaches zero, the values
of qik tend to unity and the q-CG method reduces to its classical version.
Gradient-based methods usually perform a linear search along the descent direction. However, depending on the value of q, the negative of the q-gradient may not point to the local descent direction.
One way to circumvent this problem is to use a step length αk that decreases with the iteration k. Here,
the initial step length α0 is reduced by αk+1 = β · αk , where, for the sake of simplicity, β is the same
reduction factor used to compute σ k . As the step length decreases (and the values of qik , in parallel, tend
to unity), a smooth transition to an increasingly local search process occurs.
To evaluate the performance this new approach we applied it to a notoriously difficult multimodal
optimization problem, the wave annihilation problem with 56 dimensions; see [7] for details. We compared
our results with those obtained with three optimization algorithms published in [7]: simulated parallel
annealing within a neighborhood (SPAN), a parallel implementation of the DIRECT algorithm, and a
new quase-Newton stochastic algorithm, QNSTOP. The global mininum of wave annihilation problem is
zero. For comparison purposes, we use the same experimental setup as in [7]. The stopping criteria was
maximum of 106 functions evaluations.
The corresponding values of the best parameters σ 0 , α0pand
Pn β used are 0.024,2 0.102 and 0.9999,
respectively. The values of σ 0 and α0 are normalized by L =
i=1 (xmaxi − xmini ) , the largest linear
length of the search space. The initial standard deviation σ 0 determines how stochastic is the search.
The reduction factor β controls the speed of the transition from stochastic to deterministic search. A
β close to 1 reduces the risk of being trapped in a local minimum. And, the initial step length α0 ,
depends heavily on the topology of the search space requiring some empirical exploration. In the end,
an appropriate specification of the three free parameters is strictly dependent on the objective function.
Although a bad choice may lead to some deterioration in its performance, the q-CG method has shown
to be sufficiently robust to still be capable of reaching the global minimum.
Table 1 display the minimum, maximum, first, second, and third quartile of the values objective
function for each of the algorithms over the 50 independent experiments.
Minimum

1 st quartile

2 nd quartile

3 rd quartile

Maximum

8.19 × 10−7

1.02 × 10−3

5.76 × 10−3

5.74 × 10−2

2.7 × 10−1

SPAN

2.71

3.35

25.20

26.25

26.62

q-CG

0.06

0.20

0.44

0.74

27.52

QNSTOP

26.64

27.10

27.19

27.30

27.48

DIRECT

Table 1: Results for the wave annihilation problem for n = 56.
Althouth surpassed by the DIRECT algorithm, we observe that the q-CG method performs much
better than the QNSTOP and the SPAN algorithms. Similarly to these two algorithms, the q-CG was
sometimes trapped by a local minimum near 28, what suggests that the algorithm’s three free parameters
(specially, β) need further adjustments. In spite of this fact, the q-CG method was still able to find
a reasonable estimate for the minimum in 80% of the runs (40 out of 50). Overall, these results are
promissing and illustrate well the potential of the q-CG method in solving complex optimization problems.
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