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Exercise 1.
Verify the following assertions.

1. R®" @z R™ and R™".
2. A[Ty]| ®a A[T3] ~ A[T}, Ty for any ring A.

3. Z/nZ @z Z/mZ ~ Z/dZ where d is a greatest common divisor of the natural
numbers m and n.

4. K ®z L = {0} if K and L are fields of different characteristics.

5. QezQ~Q.

Exercise 2.
Let M, N and P be A-modules. Show the following properties.

1. M®{0} = {0} and M ® A ~ M;

2. M@N~N®M

3. (MON)@P~M®(NP),

4 M®(N®P)~(MeN)a (Mo P).

Hint: Use the universal property of the tensor product to find appropriate isomorphisms.

Exercise 3.

Let M and N be A-modules. Show that Homy4 (M, N) is an A-module with respect
to the operations f + g : m — f(m) + g(m) and a.f : m — a.f(m) for a € A and
fyg € Homa(M, N). Show that

Homy (M, N) x Homy(N,P) — Homa(M,P)
(f,9) — gof

is an A-bilinear homomorphism. Conclude that the association f ® g — g o f describes
a homomorphism Hom4 (M, N) ® Homa (N, P) — Hom (M, P) of A-modules.



Exercise 4.
Let M, N, N' and P be A-modules and f : N — N’ an A-linear homomorphism.
Consider the associations

fm: M®aN — My N, f*: Hom(N’,P) — Hom(N,P)
men +— m® f(n) g — gof

and f,: Hom(M,N) — Hom(M,N’).
h — foh

1. Show that fys is well-defined as a map and that all three maps are homomorphisms
of A-modules.

2. Conclude that M ®4 (—), Hom(—, P) and Hom(M, —) are functors from Mod 4 to
Mod,4. Which of them are covariant, which of them are contravariant?

Exercise 5 (Bonus).
Let f: A — B be a ring homomorphism.

1. Show that sending an A-module M to B ® 4 M and sending an A-linear map
a: M — M’ to the B-linear map ag : B®4 M — B ®4 M’ that is defined by
ap(b®m) = b® a(m) defines a functor B ®4 — : Mod4 — Modpg.

2. Show that a B-module N is A-module with respect to the action defined by a.n =
f(a).nfora € Aandn € N. Show that a B-linear map o : N — N’ is A-linear with
respect to this action. Conclude that this defines a functor F : Modg — Mod 4.

3. Show that the association b&n — b.n defines a B-linear map ny : B&aF(N) — N.

4. Let M be an A-module and N a B-module. Show that the association

Upw e HomA(M,}"(N)) — Homp(B ®4 M, N)
v:M—F(N) +— nyvoyp:B®yM— N

is a well-defined bijection.
5. Let « : M — M’ be an A-linear map and 3: N — N’ a B-linear map. Show that
the diagram

‘IIJVI’N
vy € Homy(M',F(N)) —> Homp(B®s M',N) > §

I | | I

' /
F(B)ovoa € Homy (M,F(N')) — Homp(B®@a M,N') 3 Bodoag

comiutes.

Remark: The functor B®4 — : Mod4 — Modp is called the extension of scalars from A
to B and the functor F : Modp — Mody is usually called the restrcition of scalars from
B to A. The properties (4) and (5) say that F is right-adjoint to B ® 4 —.



