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Exercise 1.
Let A be aring and f: M — N a homomorphism of A-modules. Show that

1. f is a monomorphism if and only if it is injective;
2. f is an epimorphism if and only if it is surjective;

3. f is an isomorphism (in the sense of category theory, cf. Chapter 2) if and only if
it is bijective.

Exercise 2.  Show that the following properties for an A-module P are equivalent.

1. The functor Hom(P, —) is exact.
2. There is an A-module @ such that P & Q is free.

3. Every short exact sequence of A-modules of the form 0 - N - M — P — 0
splits.

4. For every epimorphism p : M — @ of A-modules and every homomorphism f :
P — @, there is a homomorphism g : P — M such that f =pog.

An A-module P with these properties is called projective. Conclude that every free
A-module is projective. Show that Z/2Z is a projective Z/6Z-module that is not free.

Remark: An A-module I is injective if Hom(—, I) is exact. It can be shown that there
are analogous characterizations as in (3) and (4) for injective modules. However, there
is no direct analogue to (2). For A = Z, one can show that a Z-module I is injective
if and only if it is divisible, i.e. for every m € I and every integer [ > 0 there exists an
n € I such that l.n = m.

Exercise 3.
Let A be a ring and P an A-module.

1. Let M and N be A-modules and f: N — Hom4(P, N) a homomorphism. Show
that Wy n(f) : p@m— (f(m))(p) defines an isomorphism

Uy n: Homa(P®aM,N) — HomA(M,HomA(P,N))
of A-modules.

2. Let « : M — M’ and 8 : N — N’ be homomorphisms. Show that the diagram

Y

Homy (M’,Homy(P,N)) ————— Homa(P ®4 M’',N)

B*o—oal Jﬁofoap

w ’
Homy (M, Homy (P, N')) —————— Homu(P ®4 M, N’)

commutes where ap : P4 M — P®4 M’ and 8, : Hom (P, N) — Hom4 (P, N')
are the homomorphisms that are induced by « and 3, respectively.



Exercise 4.
Let A be a ring and M; and My A-modules.

1. Show that the canonical injections vf : My — M7 & My and the canonical projec-
tions 7, : M1 @& My — My, (for k = 1,2) satisfy the relations

idy, ifk=1

t1om +igomy = id and MOl =
1 1 2 2 My®M> k 1 {0 lfkj#l

for all k,1 =1, 2.

2. Let P be an A-module and iy : M; — P and p; : P — M}, homomorphisms for
k = 1,2 that satisfy the relations

idy, if k=1,

110p1 +ig0 =id and o =
1°P1 2 0 P2 P PE oYy {0 ifk;él

for k,0 = 1,2. Show that the homomorphism M; & Ms — P that is induced by
{i : M}, = P}g=12 is an isomorphism.

3. Let B be a ring and F : Modg — Modpg an additive covariant functor. Show
that the homomorphism F(M;) & F(Mz) — F(My & M) that is induced by
{F(w) : F(M;) = F(My & Ms)}g=12 is an isomorphism.

4. Let F : Mody — Modpg be as before and 0 - N — M — @ — 0 a split short
exact sequence. Show that 0 — F(N) — F(M) — F(Q) — 0 is a split short
exact sequence.

Exercise 5 (Bonus).
Let A and B be rings.

1. Let M and N be A-modules and f,g : M — N homomorphisms. Show that the

homomorphism
M A mMem Y Nen Z N
m +—  (m,m) (m,n) — m4+n

(m,n) = f(m)+g(n)
isequal to f+¢g: M — N.

2. Let F : Mody — Modp be a covariant functor such that for all A-modules M;
and My, the homomorphism F(M;) & F(Mz) — F(M; & My) that is induced by
{F(wg) : F(M;) = F(M1@M3)} k=12 is an isomorphism where ¢, : My, — M;® Mo
are the canonical inclusions. Show that F is additive.



