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List 1 To hand in at 17.3.2020 in class

Exercise 1.

Let G be a commutative group and H a subset. Show that H is a subgroup if and only
if the multiplication p of G restricts to a map pg : H x H — H such that (H, ug) is a
commutative group.

Exercise 2 (Group homomorphisms).
Let G and H be commutative groups. A group homomorphism between G and H is a
map f: G — H such that f(ab) = f(a)f(b) for all a,b € G.

1. Let f: G — H be a group homomorphism. Show that f(eg) = ey and f(a™!) =
f(a)™! for all a € G where eg is the neutral elements of G and ey is the neutral
element of H.

2. Show that the identity map id : G — G is a group homomorphism and that
the composition go f : G — H' of two group homomorphisms f : G — H and
g: H — H'is a group homomorphism.

Exercise 3 (Universal property of quotient groups).

Let H be a subgroup of a commutative group G and G/H the quotient. Show that the
association a +— [a] defines a group homomorphism = : G — G/H with 7(H) = {0}.
Show that for every group homomorphism f : G — G’ with f(H) = {0}, there is a
unique group homomorphism f : G/H — G’ such that f = f o
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Exercise 4 (Cyclic groups).
Let G be a commutative group and a € G. We define

a® = a---a forn >0, a® = e, and a" = atea7t forn <O.
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We call G a cyclic group if there is an element a € G such that every other element
b € G is of the form b = a™ for some n € Z.

1. Show that there is a cyclic group C,, for every n > 1.
2. Are there infinite cyclic groups?

3. Given two commutative groups G and H, we define their product as the Carte-
sian product G x H = {(g,h)|g € G,h € H}, together with the componentwise
multiplication, i.e. (g,h) - (¢',h') = (g¢’, hh'). Show that G x H is a commutative

group.
4. Show that C), x (), is cyclic if the greatest common divisor of m and n is 1.

5. Is Cy x Oy cyclic?



