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Exercise 1.
Let ζ12 be a primitive 12-th root of unity. What is Gal(Q(ζ12)? Find primitive elements
for all subfields E of Q(ζ12).

Exercise 2.
Show that there is an ni for i = 1, 2, 3 such that the following fields Ei are contained in
Q(ζni). What are the smallest values for ni?

1. E1 = Q(
√

2);

2. E2 = Q(
√

3);

3. E3 = Q(
√
−2);

Exercise 3.
For n ≥ 1, let µn = {ζ ∈ Q|ζn = 1}. For a positive divisor d of n, define

fd =
∏
ζ∈µn

of order d

(T − ζ).

1. Show that
∏
d|n fd = Tn − 1.

2. Show that fd has integral coefficients, i.e. fd ∈ Z[T ].

3. Let ζ ∈ µn be of order d. Show that fd is the minimal polynomial of ζ over Q.

4. Conclude that deg fd = ϕ(d) and that fd is irreducible in Z[T ].

5. Show that fd = T d−1 + · · ·+ T + 1 if d is prime.

6. Calculate fd for d = 1, . . . , 12.

The polynomial fd is called the d-th cyclotomic polynomial.

Exercise 4. Let L be the splitting field of T 3 − 2 over Q. Show that 3
√

2,
√
−3 and

ζ3 are elements of L. Calculate NL/Q(a) and TrL/Q(a) for a = 3
√

2, a =
√
−3 and a = ζ3.

Calculate NQ(ζ3)/Q(ζ3) and TrQ(ζ3)/Q(ζ3).


