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Introduction

This is a slightly expanded version of my lectures at the 2010 Clay Mathematics Institute.
The theme is the fine properties of Schramm-Loewner evolution (SLE) curves with an
emphasis on recent work I have done with a number of co-authors on fractal and multifractal
properties. I assume basic knowledge of SLE at the level of foundational course presented
by Vincent Beffara. I will try to discuss both results and ideas of proofs. Although discrete
models motivate SLE, I will focus only on SLE itself and not on proofs of convergence of
discrete models.

The basic theme tying the results together is the SLE curve. Fine analysis of the
curve requires estimates moments of the derivatives, and these in turn lead to studying
martingales and local martingales. In the process, I will discuss existence of the curve,
Hausdorff dimension of the curve, and a number or more recent results that I have obtained
with a number of different co-authors.

The five sections correspond roughly to the five lectures that I gave. Here is a quick
summary.

• Section 1 proves a basic result of Rohde and Schramm [16] on the existence of the
SLE curve for κ 6= 8. Many small steps are left to the reader; one can treat this as an
exercise in the deterministic Loewner equation and classical properties of univalent
functions such as the distortion theorem. Two main ingredients go into the proof:
the modulus of continuity of Brownian motion and an estimate of the moments of
the derivative of the reverse map. By computing the moment, we can determine the
optimal Hölder exponent and see why κ = 8 is the delicate case. The estimation of
the moment is left to the next section.
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• Section 2 discusses how to use the reverse Loewner flow to estimate the exponent. This
was the tool in [16] to get their estimate. Here we expand signficantly on their work
because finer analysis is needed to derive “two-point” or “second moment” estimates
which are required to establish fractal and multifractal behavior with probability one.
Although there is a fair amount of calculation involved, there are a few general tools:

– Use scaling and a good choice of reparmetrization to reduce the problem to
analysis of a one-variable SDE.

– Find an appropriate martingale and use the Girsanov theorem to understand the
measure obtained by weighting by the martingale.

– For exceptional events on the path, find an event of high probability in the
weighted measure that is contained in the exceptional event. Choose it appropri-
ately so that two-point estimates can be obtained.

Let me emphasize that these are standard methods in stochastic analysis. One of
the most fundamental techniques in large deviation theory is to study a new measure
(sometimes called a “tilting”) on a space on which an exceptional set has large prob-
ability. If this new measure arises from a martingale, then the Girsanov theorem is
the tool to studying probabilities in the new measure.

I will warn the reader that the latter part of this section, starting with Section 2.6,
contains some more advanced topics that were not covered in the lectures. I have
put them here in the notes because they are part of the reverse flow picture, but the
material from this part is not used later. Readers should feel free to skip these and
move to Section 3.

• Section 3 is essentially independent of Section 2 and considers the forward Loewner
flow. The Hausdorff dimension of the SLE curve was analyzed in [16] and [2]. The
basic questions are: how close does the SLE curve get to a z ∈ H and what does
the path look like if it does get close to z? There is a fundamental local martingale
here in terms of the SLE Green’s function, and if one uses a radial parametrization
(depending on z), one gets a simple one-variable SLE. By weighting by this local
martingale, one gets another process, two-sided radial SLE, which corresponds to
SLE conditioned to hit a point. Here we use the Girsanov theorem to give a very
sharp estimates of the probability that the SLE gets near z. Finally, we discuss
why trying to prove lower bounds for the Hausdorff dimension leads to studying a
two-point estimate for the probability of getting close to two different points.

• Section 4 continues Section 3 by discussing the two-point estimate first proved by
Beffara [2]. We only give a sketch a part of the argument as rederived in [12] and then
we define an appropriate multi-point Green’s function and corresponding two-point
local martingale. The estimate and the two-point local martingale are used in the
next section.
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• Section 5 is devoted to the natural parametrization or length for SLEκ, κ < 8. The
usual parametrization for an SLEκ is by capacity which does not correspond to the
“natural” scaled parametrization one would give to discrete models. I start by giving
the intuition for a defintion, which leads to an expression of the type analyzed in
Section 2, and then give a precise definition as developed in [11, 13]. The proof of
existence in [13] uses the ideas from Section 4.

There are a number of exercises interspersed through the text. I warn you that I use
facts from the exercises later on. Therefore, a reader should read them whether or not
he or she chooses to actually do them. I have an additional section at the end with one
more exercise on Brownian motion which can be considered as an easier example of some
of the ideas from Sections 4 and 5. I assume the reader knows basics of SLE and univalent
function theory. Possible references are the notes from Beffara’s course and my book [6].

These notes have taken advantage of questions and remarks by the participants of the
school, and I thank all the participants. A particular thanks goes to Brent Werness for his
comments.

0.1 Basic definitions and notation

To set some basic definitions, I will let gt denote the conformal maps of chordal SLEκ from
0 to ∞ in H parameterized so that the half-plane capacity grows at rate

a =
2

κ
.

I will use a throughout these notes because it makes formulas somewhat easier. It is
always equal to 2/κ and the reader can make this replacement at any time! Under this
parametrization, gt satisfies the chordal Loewner equation

∂tgt(z) =
a

gt(z)− Ut
, g0(z) = z, (1)

where Ut = −Bt is a standard Brownian motion. (We choose this parametrization so that
the driving function has variance parameter 1.) The equation is valid for all z ∈ C \ {0} up
to time Tz ∈ (0,∞] and gt is the unique conformal transformation of

Ht := {z ∈ H : Tz > t}

onto H with gt(z) = z+ o(1) as z →∞. Note that Tz = Tz and gt(z) = gt(z), so we restrict
to z in the upper half plane H or its closure H. If z ∈ H \ {0}, and we let

Zt = Zt(z) = gt(z) − Ut,

then the Loewner equation (1) can be written as the SDE

dZt =
a

Zt
dt+ dBt, Z0 = z.
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If z ∈ H, one should note that the process Zt takes values in H, but the Brownian motion
Bt is a real Brownian motion. If z ∈ R \ {0}, this equation becomes the usual real-valued
Bessel SDE.

The word curve in these notes always means a continuous function of time. If γ :
[0,∞)→ C is a curve, we write γt for the image or trace

γt = {γ(s) : 0 ≤ s ≤ t}.

1 The existence of the SLE curve

In this section, we will present a proof of the following theorem first proved by Rohde and
Schramm [16]. We start with a definition.

Definition The conformal maps gt are generated by the curve γ if γ : [0,∞)→ H is a curve
such that for each t, Ht is the unbounded component of H \ γt.

Theorem 1. [16] If κ 6= 8, then with probability one, the conformal maps gt of chordal
SLEκ are generated by a curve.

This theorem is also true for κ = 8, but the only current proof in this case comes from
taking a limit of discrete processes [9]. We will consider only the κ 6= 8 case and along the
way explain why κ = 8 is the hardest case. The curve is called the SLEκ curve.

Let
f̃t = g−1

t , ft = f̃t(z + Ut) = g−1
t (z + Ut). (2)

(In some earlier work what we call f̃t is denoted ft and what we call ft is denoted f̂t. I
have chosen the notation in (2) because ft will be used much more than f̃t in this paper,
and hence it will make the formulas nicer.) Heuristically, we would like to define

γ(t) = f̃t(Ut) = ft(0) = lim
y→0

ft(iy), (3)

so that gt(γ(t)) = Ut. However, all that we know at the moment is that ft is a conformal
transformation of H onto Ht. One can give examples of conformal transformations such
that the limit in (3) does not exist. In fact [15], one can give examples for solutions of the
Loewner equation (1) with continuous Ut.

It is also possible to give examples for which the limit in (3) exists for all t, but for which
the function γ is not continuous in t. However, if the limit (3) exists and γ is continuous
then it is not too difficult to see that Ht is the unbounded component of γ(0, t]. Indeed,
since γ(t) ∈ ∂Ht, we know that γ(0, t] ∩ Ht = ∅. Since Ht is simply connected (it is a
conformal image of H under g−1

t ), it is connected and hence the bounded components of
Ht \ γt cannot intersect Ht. Also, if we define Ĥt to be the unbounded component of H \ γt

and ĝt the conformal transformation of Ĥt onto H with ĝt(z) − z = o(1) as z → ∞, one
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can show that ĝt satisfies (1) for z ∈ Ĥt and hence ĝt(z) = gt(z). In particular, Tz > t and
z ∈ Ht.

Notational convention. We will use ψ to denote a (continuous, increasing) subpower
function, that is an continuous, increasing function ψ : [0,∞)→ (0,∞) such that

lim
t→∞

logψ(t)

log t
= 0.

Different occurences of ψ indicate different subpower functions. Note that if ψ1, ψ2 are
subpower functions, so are ψ1 ψ2, ψ1 + ψ2, and ψ(t) = ψ1(t

r) for r > 0.

Lévy’s theorem on the modulus of continuity of Brownian motion shows that with
probability one, the driving function is weakly Hölder-1/2 by which we mean that for some
subpower function ψ,

|Ut+s − Ut| ≤
√
s ψ(1/s), 0 ≤ t ≤ 1, 0 ≤ s ≤ 1. (4)

(In fact, we can choose ψ(x) = c
√

log x but we do not need this.) This condition is not
sufficient to show existence of the curve. In fact, there are examples [15] with ψ constant for
which the curve does not exist. To guarantee existence of the curve, we will bound |f ′t(iy)|
for y near zero. Let

Dn =

{

j

2n
: j = 0, 1, . . . , 2n

}

denote the set of dyadic rationals in [0, 1] at level n.

Lemma 2. For SLEκ, κ 6= 8, there exists θ = θκ > 0 such that with probability one there
exists C <∞ such that

|f ′t(2−n i)| ≤ C 2n(1−θ), t ∈ D2n. (5)

Proof. By the Borel-Cantelli lemma, it suffices to show that

P
{

|f ′t(2−n i)| ≤ C 2n(1−θ)
}

≤ c 2−n(2+ǫ)

for some c, ǫ. See Theorem 11 and the comments following for the proof of this estimate.

In this section, we will prove the following deterministic result.

Theorem 3. Suppose Ut, 0 ≤ t ≤ 1 is a driving function satisfying (4) and (5). Then the
corresopnding maps are generated by a curve γ. Moreover,

|γ(t+ s)− γ(t)| ≤ sθ/2 ψ(1/s), 0 ≤ t < s+ t ≤ 1,

for some subpower function ψ.
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Remarks

• In particular, it follows that γ is Hölder continuous of order α for all α < θ/2. In
other words, γ is weakly Hölder-(θ/2).

• We recall our convention that the subpower function ψ takes different values in differ-
ent places. The function ψ in Theorem 3 is not meant to be the same ψ as in (4). A
careful reader can go through the proof and find how the ψ in the theorem depends
on the ψ in (4).

• Lemma 2 is not true for κ = 8. I would expect that one can give a direct proof of
the existence of the curve for κ = 8, but it would require very careful analysis. In
particular, we could not get away with being so cavalier about the subpower functions
ψ.

We use the distortion theorem to construct the function γ. The first ingredient of the
proof is a version of the distortion theorem that we leave as an exercise.

Exercise 4. There exist C, r such if f : H→ C is a conformal transformation, then for all
x ∈ R, y > 0,

C−1 |f ′(iy)| ≤ |f ′(iys)| ≤ C |f ′(iy)|, 1

2
≤ s ≤ 2,

C−1 (x2 + 1)−r |f ′(iy)| ≤ |f ′(xy + iy)| ≤ C (x2 + 1)r |f ′(iy)|,

Hint. The distortion and growth theorems (see, e.g., [6]) solve the equivalent problem in
the unit disk D. Although we do not need it here, you may wish to find the smallest possible
r such that this holds.

To extend the estimate to times that are not dyadic, we use the Loewner equation for
the inverse. If gt satisfies (1) and f̃t = g−1

t , then using f̃t(gt(z)) = z, we get the equation

∂tf̃t(z) = f̃ ′t(z)
a

Ut − z
. (6)

Differentiating this, we get

∂tf̃
′
t(z) = f̃ ′′t (z)

a

Ut − z
+ f̃ ′t(z)

a

(Ut − z)2
.

Hence, if z = x+ iy,

|∂tf̃
′
t(z)| ≤ a

[

|f̃ ′′t (z)| y−1 + |f̃ ′t(z)| y−2
]

.
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Exercise 5. Show that there exists c <∞ such that if f : H→ C is a conformal transfor-
mation, then

|f ′′(z)| ≤ c

Im(z)
|f ′(z)|.

Hint. Look up Bieberbach’s theorem on the second coefficient of univalent functions on
the disk. If you do this, you will find the optimal c.

Using the exercise, we now have

|∂tf̃
′
t(x+ iy)| ≤ c

y2
|f̃ ′t(x+ iy)|. (7)

It is now not difficult to show that the limit in (3) exists for all t ∈ [0, 1]. We leave the steps
as exercises.

Exercise 6. Use (7) to prove the following. There exists c <∞ such that if f̃t satisfies (6)
and s ≤ y2, then

c−1 |f̃ ′t(x+ iy)| ≤ |f̃ ′t+s(x+ iy)| ≤ c |f̃ ′t(x+ iy)|,

|f̃t+s(x+ iy)− f̃t(x+ iy)| ≤ c y2 |f̃ ′t(x+ iy)|. (8)

Exercise 7. Suppose Ut, 0 ≤ t ≤ 1 is a driving function satisfying (4) and (5). Then there
exists a subpower function ψ such that for all 0 ≤ t ≤ 1 and all 0 < y ≤ 1,

|f ′t(iy)| ≤ yθ−1 ψ(1/y).

Exercise 8. Suppose Ut, 0 ≤ t ≤ 1 is a driving function satisfying (4) and (5). Then there
exists a subpower function ψ such that for all 0 ≤ t ≤ 1, the limit

γ(t) = lim
y→0+

ft(iy) (9)

exists and for 0 < y ≤ 1,
|γ(t)− ft(iy)| ≤ yθ ψ(1/y). (10)

We still have to show that γ is a continuous function of t and estimate its modulus of
continuity. It suffices to estimate

|γ(t+ s)− γ(t)|

where t ∈ D2n and 0 ≤ s ≤ 2−2n. We use the triangle inequality. For every y > 0,

|γ(t+ s)− γ(t)| ≤ |γ(t+ s)− ft+s(iy)|+ |ft+s(iy)− ft(iy)| + |γ(t)− ft(iy)|.
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Setting y = 2−n and using (10), we get

|γ(t+ s)− γ(t)| ≤ 2−nθ ψ(2n) + |ft+s(i2
−n)− ft(i2

−n)|.

We now write

|ft+s(i2
−n)− ft(i2

−n)| = |f̃t+s(Ut+s + i2−n)− f̃t(Ut + i2−n)|

≤ |f̃t+s(Ut+s + i2−n)− f̃t+s(Ut + i2−n)|+ |f̃t+s(Ut + i2−n)− f̃t(Ut + i2−n)|.
The difference

|f̃t+s(Ut+s + i2−n)− f̃t+s(Ut + i2−n)|
is bounded above by |Ut+s − Ut| times the maximum of |f̃ ′t+s(z)| over all z on the interval
connecting Ut+s + i2−n and Ut + i2−n. Using Exercise 4 and 7, we see that this maximum
is bounded above by 2n(1−θ) ψ(2n) and (4) implies that

|Ut+s − Ut| ≤ 2−n ψ(2n).

Therefore,
|f̃t+s(Ut+s + i2−n)− f̃t+s(Ut + i2−n)| ≤ 2−θn ψ(2n).

For the second term, we use (8) to get

|f̃t+s(Ut + i2−n)− f̃t(Ut + i2−n)| ≤ c 2−2n |f̃ ′t(Ut + i2−n)|

≤ 2−n 2n(1−θ) ψ(2n) ≤ 2−nθ ψ(2n).

Combining all of the estimates, we have

|γ(s + t)− γ(t)| ≤ sθ/2 ψ(1/s), t ∈ D2n, 0 ≤ s ≤ 22n,

from which Theorem 3 follows.

1.1 Converse and Hölder continuity

We have seen that (4) and (5) imply that the curve γ is weakly (θ/2)-Hölder.

Proposition 9. Suppose Ut satisfies (4). Then there exists a subpower function ψ such
that for t ∈ D2n,

max
0≤s≤2−2n

|γ(s + t)− γ(t)| ≥ 2−n |f ′t(i2−n)|ψ(2n)−1.

Sketch of proof. We write ψ for ψ(2n) and allow ψ to change from line to line. Using (4), we
can see that the image of γ(t, t+2−2n] under gt has diameter at most 2−n ψ. Since it has half-
plane capacity a 2−n, it must include a least one point z = x+ iy = γ(s) with |x| ≤ 2−n ψ
and y ≥ 2−n/ψ. (Why?) Distortion estimates imply that |f ′t(z)| ≥ |f ′t(i2−n)|ψ−1. The
Koebe-1/4 theorem applied to the map ft on the disk of radius y about z shows that γ(t),
which is ft(0), is not in the disk of radius 2−n |f ′t(i2−n)|ψ−1 about ft(z) = γ(t+ s).
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The methods of the next section allow us to determine the critical value of θ for which
there exist n, y with |f ′t(i2−n)| ≥ 2(1−θ)n. This is the basic idea of the following theorem
which we do not prove. One direction was proved in [14] and the other direction in [4]

Theorem 10. Let
α∗ = α∗(κ) = 1− κ

24 + 2κ− 8
√

8 + κ
.

If γ is an SLEκ curve and ǫ > 0, then with probability one γ(t), ǫ ≤ t ≤ 1 is weakly
α∗-continuous, but not Hölder continuous of any order α > α∗.

Remarks

• The behavior of the curve at t = 0 is different than for positive t because we are
starting with the initial condition for Ht of H. This is why we restrict the curve to
times ǫ ≤ t ≤ 1 in the statement of the theorem.

• Note that the theorem implies that for κ = 8, the curve is not Hölder-α for any α > 0.
This indicates why κ = 8 is the hardest value to show the existence of the curve.

• This is a statement about the modulus of continuity of γ(t) as a function of t in
the capacity parametrization. Sometimes “Hölder continuity of SLE” refers to the
properties of the function z 7→ ft(z) for fixed t. This is discussed in [16]. For this
problem κ = 4 is the value for which there is no Hölder continuity.

2 The moments of |f ′|
Using the existence of the curve as one motivation, we now proceed to discuss how one
estimates

E
[

|f ′t(z)|λ
]

,

where
ft(z) = g−1

t (z + Ut).

We summarize the main result here. Most of what we discuss here is proved in [8], but the
final piece of the theorem as we state it here was done as Theorem 5.4 of [4]. A weaker
form of this was in [16].

Theorem 11. If

λ < λc = a+
3

16a
+ 1 =

2

κ
+

3κ

32
+ 1,

then as t→∞,

E
[

|f ′1(i/t)|λ
]

= E
[

|f ′t2(i)|λ
]

≍ t−ζ ,
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where

ζ = ζ(λ) = λ+
1

2a

√

(2a+ 1)2 − 4aλ− 1− 1

2a
.

Moreover, the expectation is carried on an event on which

|f ′t2(i)| ≈ tβ, (11)

where

β = β(λ) = −ζ ′(λ) =
1

√

(2a+ 1)2 − 4aλ
− 1.

Roughly speaking,

P
{

|f ′1(i/t)| ≈ tβ
}

≈ t−(ζ+λβ).

Note that ζ(λc) = a− 1
16a , β(λc) = 1 and hence

ζ(λc) + λc β(λc) = 2a+
1

8a
+ 1 =

4

κ
+

κ

16
+ 1.

The right-hand side is minimized when κ = 8 at which it takes the value 2. For κ 6= 8, we
can find β < 1 such that

ζ(λ) + λβ(λ) > 2,

from which we can deduce Lemma 2 for θ = 1− β.

2.1 The reverse Loewner flow

We will use the reverse Loewner flow in studying the derivative. The reverse Loewner
equation is the usual Loenwer equation run backwards in time. It takes the form

∂tht(z) = − a

ht(z)− Vt
=

a

Vt − ht(z)
, h0(z) = z. (12)

For each t, ht is a conformal transformation of H onto a subdomain ht(H) satisfying ht(z)−
z → 0 as z → ∞. A relationship between the forward and reverse Loewner equations is
given in the following exercise.

Exercise 12. Suppose gt, 0 ≤ t ≤ s, is the solution to (1) and ht is the solution to (12)
with Vt = Us−t − Us. Then

hs(z) = fs(z)− Us.

If Ut, 0 ≤ t ≤ s is a standard Brownian motion, then

Vt = Us−t − Us, 0 ≤ t ≤ s,

is also a standard Brownian motion. Hence the following holds.

10



• If gt, 0 ≤ t ≤ s is the solution to (1) where Ut is a standard Brownian motion, and
ht, 0 ≤ t ≤ s is the solution to (12) where Vt is a Brownian motion, then the random
conformal transformations

z 7−→ fs(z)− Us and z 7−→ hs(w)

have the same distribution. In particular, f ′s and h′s are identically distributed and

E
[

|f ′s(z)|λ
]

= E
[

|h′s(z)|λ
]

.

The joint distribution of {f ′t : 0 ≤ t ≤ s} is not the same as that of {h′s : 0 ≤ t ≤ s}.
However, we can give the joint distributions. For second moment estimates, we need to
conisder two times simultaneously. We state the relationship here; the interested reader
may wish to verify this.

• Suppose ft, 0 ≤ t ≤ s + u is the solution to (1) where Ut is a standard Brownian
motion. Let ht, 0 ≤ t ≤ s + u be the solution to (12) with Vt = Us+u−t − Us+u. Let
h̃t, 0 ≤ t ≤ s be the solution to (12) with Vt = Us−t − Us. Let

Zt(z) = ht(z)− Vt.

Then,

– hs+u(z) = h̃s(Zu(z)).

– hu and h̃s are independent.

– f ′s(w) f ′s+u(z) = h′u(z) h̃′s(Zu(z)) h̃′s(w)

– fs+u(z)− fs(w) = h̃s(Zu(z))− h̃s(w).

2.2 Some computations

For this section we assume that ht satisfies (12) with Vt = −Bt being a standard Brownian
motion.

Exercise 13. Use the scaling property of Brownian motion to show that if r > 0, ht(z) has
the same distribution as hr2t(rz)/r, and hence h′t(z) has the same distribution at h′r2t(rz).

Exercise 14. Prove the following “parabolic Harnack inequality”. For every compact V ⊂ H
and every s0 ≥ 1, there exist c1, c2 (depending on V, s0 but not on λ or κ) such that for all
t ≥ 1,

cλ1 E
[

|h′t(i)|λ
]

≤ E
[

|h′st(z)|λ
]

≤ cλ2 E
[

|h′t(i)|λ
]

, s−1
0 ≤ s ≤ s0, z ∈ V.
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Hint. Use scaling and the distortion theorem.

Let z ∈ H and define

Zt = Zt(z) = Xt + iYt = ht(z)− Vt = ht(z) +Bt.

we will define a number of other quantities in this section. Even though we omit it in the
notation, it is important to remember that there is a z dependence. The equation (12) can
be written as

dXt = − aXt

X2
t + Y 2

t

dt + dBt, ∂tYt =
aYt

X2
t + Y 2

t

. (13)

Differentiating (12) with respect to z gives

∂t[log h
′
t(z)] =

a

Z2
t

,

and by taking real parts, we get

∂t |h′t(z)| = |h′t(z)|
a(X2

t − Y 2
t )

(X2
t + Y 2

t )2
.

Let

St = sin[argZt] =
Yt

√

X2
t + Y 2

t

, Υt =
|h′t(z)|
Yt

.

The chain rule gives

∂tΥt = −Υt
2aY 2

t

(X2
t + Y 2

t )2
,

and an exercise in Itô’s formula gives

dSr
t = Sr

t

[

(2ar + r2

2 + r
2 )X2

t − r
2 Y

2
t

(X2
t + Y 2

t )2
dt− r Xt

X2
t + Y 2

t

dBt

]

. (14)

Proposition 15. Suppose r ∈ R and

λ = λ(r) = r

(

1 +
1

2a

)

− r2

4a
, ζ = ζ(r) = r − r2

a
= λ− r

2a
.

If z ∈ H, let
Mt = Mt,r(z) = |h′t(z)|λ Y ζ

t S
−r
t . (15)

Then Mt is a martingale satisfying

dMt =
rXt

X2
t + Y 2

t

Mt dBt. (16)
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Exercise 16. Verify as many of the calculations above as you want. Also, establish the
following deterministic estimates if z = x+ iy.

y2 ≤ Y 2
t ≤ y2 + 2at,

|h′t(z)| ≤
Yt

Y0
≤

√

1 + 2a(t/y2).

♣ The parameters λ, ζ are the same parameters as in Theorem 11. However, it is useful to include

the extra parameter r. There is only a “one real variable” amount of randomness (nontrival quadratic

variation) in the martingale Mt. For convenience we have written it in terms of the sine, St; earlier

versions of these computations chose to write it in terms of (X2 + Y 2). Either way, one must choose

the appropriate “compensator” terms which turn out to be in terms of Yt and |h′t(z)|, both of which are

differentiable in t.

We can consider a new measure P∗ obtained by weighting by the martingale M . To be
more precise, if E is an event in the σ-algebra Ft = σ{Bs : 0 ≤ s ≤ t}, then

P∗(E) = M−1
0 E [Mt 1E ] .

The Girsanov theorem tells us that

dBt =
rXt

X2
t + Y 2

t

dt+ dWt,

where Wt is a Brownian motion with respect to P∗. In other words,

dXt =
(r − a)Xt

X2
t + Y 2

t

dt+ dWt. (17)

♣ Suppose Mt is a continuous, positive process satisfying

dMt = AtMt dBt.

Then Mt is a local martingale, but not necessarily a martingale. If one chooses stopping times τn by

τn = inf{t : Mt ≥ n or |At| ≥ n},

then M
(n)
t := Mt∧τn

is a martingale satisfying

dM
(n)
t = At 1{τn>t}M

(n)
t dBt.

The Girsanov theorem tells us that it we weight by the martingale, then Bt satisfies

dBt = At dt+ dWt, t < τn,

13



where Wt is a Brownian motion in the new measure which we denote by P∗. At the moment, this is only
valid for t < τn. However, if

lim
n→∞

P∗{τn ≤ t} = 0, (18)

then the we can conclude that the process is actually a martingale.

In our particular case, one can see from (17) and the bounds on Yt that Xt does not
blow up in finite time. Since |h′t(z)| is expressed in a differential equation involving Xt, Yt,
it also does not blow up. This is how one verifies (18) and shows that Mt is a martingale.

Let us now choose z = i so that
M0 = 1.

Since Mt is a martingale, we have for all r,

E[Mt] = E
[

|h′t(i)|λ Y ζ
t S

−r
t

]

= 1.

Typically we expect for large t that

Yt ≍ t1/2, St ≍ 1, (19)

and hence we might want to conclude that

E
[

|h′t(z)|λ
]

≍ t−ζ/2.

This is a hand-waving argument, and, in fact, it is not valid for all values of λ. As we will
see below, the values of λ for which it will be valid are those values for which (19) holds
typically when we weight by the martingale Mt. These values which we call good r satisfy

r < rc := 2a+
1

2
=

4

κ
+

1

2
.

Let

q = rc − r = 2a+
1

2
− r > 0.

Then the good values of r are those for which q > 0. Note that

λ(rc) = a+
3

16a
+ 1, ζ(rc) = a− 1

16a
.

For −∞ < r < rc,−∞ < λ < λc = a+ 3
16a + 1, the relationship r ←→ λ is a bijection and

r = 2a+ 1−
√

(2a+ 1)2 − 4aλ,

ζ = λ− r

2a
= λ+

1

2a

√

(2a+ 1)2 − 4aλ− 1− 1

2a
.

14



2.3 Imaginary part parametrization

We assume that z = i and r < rc, that is,

q = 2a+
1

2
− r > 0.

We will introduce a time change under which the logarithm of the imaginary part of Z
grows linearly. Let

σ(t) = inf{s : Ys = eat},
and define

Ẑt = Zσ(t), X̂t = Xσ(t), Ŷt = Yσ(t) = eat, ĥt = hσ(t).

We also define

Kt = e−at X̂t, Ŝt = Sσ(t) =
eat

|Ẑt|
=

1
√

K2
t + 1

, Jt = sinh−1(Kt).

Under this parametrization, the pair of equations (13) can be written as a single one-variable
SDE in Kt or Jt. We will list some computation below, but we summarize the basic idea
as follows:

• If r < rc and we weight by the martingale Mt, then in the weighted measure, Jt is a
positive recurrent diffusion.

Exercise 17. Verify the following deterministic relations.

∂tσ(t) = |Ẑt|2,

σ(t) =

∫ t

0
e2as (K2

s + 1) ds =

∫ t

0
e2as cosh2 Js ds,

|ĥ′t(i)| = eaLt ,

where

Lt =

∫ t

0

[

1− 2

K2
s + 1

]

ds = t−
∫ t

0

2

cosh2 Js
, ds.

e−at ≤ |ĥ′t(i)| ≤ eat.

Exercise 18. Show that there exists a standard Brownian motion B̃t such that

dKt = −2aKt dt +
√

K2
t + 1 dB̃t,

dJt = −(q + r) tanh Jt dt + dB̃t.

Hint. This requires knowing how to handle time changes in SDEs.
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Exercise 19. If Nt = Mσ(t) where Mt is the martingale in (15), then

Nt = eνLt eξt [cosh Jt]
r, (20)

where

ν = aλ = r

(

q

2
+

1

4

)

+
r2

4
,

ξ = aζ = r

(

q

2
+

1

4

)

− r2

4
,

Moreover,
dNt = r [tanh Jt]Nt dB̃t.

Using the last exercise, we see that we must analyze the SDE

dJt = −(q + r) [tanh Jt] dt + B̃t, J0 = 0.

Note that this equation is written in terms of q, r; the parameter a has disappeared. We
consider the martingale Nt in (20) which satisfies

dNt = r [tanh Jt]Nt dB̃t, N0 = 1.

Let P∗,E∗ denote probabilities and expectations with respect to the measure obtained by
weighting by the martingale Nt. Then

dB̃t = r [tanh Jt]Nt dt + dWt,

where Wt is a standard Brownian motion with respect to P∗. In particular,

dJt = −q [tanh Jt] dt + dWt.

♣ Time changes of martingales (under some boundedness conditions) give martingales. Weighting

by a time change of a martingale produces the same probability measure (on the σ-algebra F∞) on a

space as that obtained by weighting by the martingale. (This is subtle — a time changed process is not

the same as the original process; it is the underlying measure on the probability space that is the same.)

This is why we use the same letter P∗,E∗ for weighting by Nt as for Mt.

16



2.4 The one-variable SDE

♣ Many of the one-variable SDEs that arise in studying SLE can be viewed as equations arising from
the Girsanov theorem by “weighting Brownian motion locally” by a function. Suppose F is a positive C2

function on R. Suppose Bt is a standard one-dimensional Brownian motion. Then Itô’s formula gives

dF (Bt) = F (Bt) [At dt+ Φt dBt],

where

Φt = [logF (Bt)]
′ =

F ′(Bt)

F (Bt)
, At =

F ′′(Bt)

2F (Bt)
.

In other words, if

Mt = F (Bt) exp

{

−
∫ t

0

F ′′(Bs)

2F (Bs)
ds

}

,

then Mt is a local martingale satisfying

dMt = [logF (Bt)]
′Mt dBt.

If F satisfies some mild restrictions, then Mt is a martingale. If we let P∗ be the measure obtained by
weighting by Mt, then the Girsanov theorem implies that

dBt = [logF (Bt)]
′ dt+ dWt, (21)

where Wt is a P∗-Brownian motion. Let pt(x, y) denote the transition probabilities for Brownian motion
and p∗t (x, y) the transitions for Bt under P∗, that is, the transitions for the equation (21). We know
that pt(x, y) = pt(y, x). In general, it is hard to give an expression for p∗t (x, y), however, if we consider
a path ω(s), 0 ≤ s ≤ t, from x to y of time duration t, then the Radon-Nikodym derivative of P∗ with
respect to P on this path is given by

F (y)

F (x)
exp

{

−
∫ t

0

F ′′(ω(s))

2F (ω(s))
ds.

}

The expression in the exponential may be complicated, but the key fact is that it is the same for the
reversed path ωR(s) = ω(t− s) which goes from y to x. Hence we get the reversibility relation

p∗t (x, y) =
F (y)2

F (x)2
p∗t (y, x).

This implies that F 2 gives an invariant density for the SDE (21).

Exercise 20. Use the ideas above to find the invariant probability for diffusions satisfying
the following.
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dXt = a [cotXt] dt+ dWt, a ≥ 1/2, 0 < Xt < π.

dXt = −q Xt dt+ dWt, q > 0.

In both cases, try to find a function F such that the equations arise by starting with a
Brownian motion Xt and then weighting locally by the function F .

Let us consider the SDE

dJt = −q [tanh Jt] dt + dWt, J0 = 0,

with q > 0. This is the equation obtained by weighting a Brownian motion locally by the
function f(x) = [cosh x]−q and using this (see note above) or other standard techniques,
one can see that this is positive recurrent diffusion with invariant probability density

vq(x) =
Cq

cosh2q x
, C−1

q =

∫ ∞

−∞

dx

cosh2q x
=

Γ(1
2) Γ(q)

Γ(q + 1
2)
.

Consider the functional Lt that appears in Exercise 17:

Lt = t−
∫ t

0

2

cosh2 Js
ds.

Since Jt is a positive recurrent distribution, at large times t the distribution of Jt is very
close to the invariant distribution. If we write J∞ for a random variable with the invariant
distribution, we get

lim
t→∞

E[Lt]

t
= 1− E

[

2

cosh2 J∞

]

= 1−
∫ ∞

−∞

2Cq dx

cosh2q+2 x
= β :=

1− 2q

1 + 2q
.

Indeed, one expects more than convergence in expectation. Assuming that an appropriate
strong law of large numbers and central limit theorem hold, we would expect

Lt = βt+O(t1/2).

Indeed, one can give exponential estimates using the martingales for values of r̃ near r to
show that there exists b such that

E

[

exp

{

b|Lt − βt|√
t

}]

≤ c <∞.

This gives immediate bounds on probabilities

P
{

|Lt − βt| ≥ u
√
t
}

= P

{

exp

{

b|Lt − β t|√
t

}

≥ ebu
}

≤ c e−bu.
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2.5 Returning to the reverse flow

Here we will not give complete details. We assume z = i. Since Nt = Mσ(t) is a martingale,

E[Nt] = E[N0] = 1.

Moreover, if E is any event depending on Bs, 0 ≤ s ≤ σ(t), then

E [Nt 1E ] = E∗ [1E ] = P∗(E),

where as before P∗ denotes probabilities obtained by weighting by the martingale. To
compute P∗(E), one only needs to consider the one-variable SDE of the previous section.

For example, for some subpower function ψ we might specify the event Et,c such that
the following holds for 0 ≤ s ≤ t:

Js ≤ cψ(s),

Js ≤ cψ(t − s), (22)

|Ls − βs| ≤ cψ(s)
√
s+ 1,

|Ls − βs| ≤ cψ(t − s)
√
s+ 1. (23)

Using the one-variable SDE we can show that

lim
c→∞

lim inf
t→∞

P∗(Et,c) = 1. (24)

♣ The subpower functions ψ needs to grow to infinity sufficiently fast for our estimates. However,
for everything we do here, we could choose

ψ(s) = 1 ∨ exp
{

(log s)1/2
}

,

which grows faster than any power of log s. For some of our estimates we do need that

Js ≤ c, |Ls − βs| ≤ c
√
s,

for s = t−O(1). This is why we include the conditions (22) and (23).

We will now establish one direction of Theorem 11. Note that

β(λ) =
1− 2q

1 + 2q
=

2r − 4a

2 + 4a− 2r
=

1
√

(2a+ 1)2 − 4aλ
− 1 = −ζ ′(λ).

(If one wants to understand why β(λ) should equal −ζ ′(λ), see the next subsection.) Choose
c sufficiently large so that if E = Et,c, then P∗(E) ≥ 1/2. Then

1

2
≤ E

[

Mσ(t) 1E

]

≤ 1.
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On the event E,

σ(t) =

∫ t

0
e2as cosh2 Js ≍ e2at.

Here ≍ means up to constants, which is stronger than up to “ a subpower function”. This
uses the conditions (22) and (23). Also recall that

|h′σ(t)(i)| = eaLt = exp
{

aβt+O(t1/2ψ(t))
}

.

With a little argument using distortion theorem ideas and the Loewner equation, we get
(letting T = eat),

E
[

|h′T 2(i)|λ Y ζ
T 2 S

−r
T 2 1E

]

≍ 1,

on an event on which
YT 2 ≍ T, ST 2 ≍ 1, |h′T 2(i)| ≈ T β.

In particular,

E
[

|h′T 2(i)|λ
]

≥ c T−ζ .

The other direction takes a little more work which we do not do here although it uses
some of the same ideas. For the upper bound, we need to control the terms for which Yt

and St are far from their typical values. This was done for many values of r in [8] and for
all r < rc in [4].

♣ The remainder of this section will discuss more advanced topics relating to the reverse Loewner

flow. This will not be needed in the later sections, so readers should feel free to skip now to Section 3.

2.6 Multifractal spectra

The basic ideas of multifractal spectrum are the same as those in basic “large deviation”
theory and uses a simple idea that sometimes goes under the name of the Legendre trans-
form. Let us explain it heuristically. Suppose that Zn is a seqence of random varaibles for
which we know the asymptotics of the moment generating function,

E
[

eλZn

]

≈ e−nζ(λ), (25)

for λ in an open interval. Define ρ(s) roughly by

P{Zn ≈ sn} ≈ e−nρ(s).

Then,

E
[

eλZn ;Zn ≈ sn
]

≈ e[λs−ρ(s)]n.
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The exponent ζ(λ) can be obtained by maximizing the right-hand side in s,

ζ(λ) = inf
s

[λs− ρ(s)] .

If ρ is smooth enough, the infimum is obtained at sλ where

ρ′(sλ) = λ.

Conversely, the Chebyshev inequality gives

P{Zn ≈ sn} w E[eλZn ] e−λsn,

and equality is obtained for the optimal s. In other words,

ρ(s) = max
λ

[−ζ(λ)− sλ].

The maximizer is obtained at λs satisfying

ζ ′(λs) = −s.

The “multifractal regime” is the regime where different values of s give different values
of λ. In this case we can say roughly:

• The expectation in (25) is carried on the event Zn ≈ sλn. This event has probability
about

e−nρ(sλ) ≈ e−[ζ(λ)+λ sλ]n.

♣ Large deviation theory generally discusses events whose probabilities decay exponentially. In critical
phenomena, one generally has events whose probability decays like a power law. It is easy to convert to
exponential scales. For example, if we want to study |h′t2(i)|, the corresponding random variable might
be

Zn = log |h′e2n(i)| .

2.7 The tip multifractal spectrum for SLE

Consider the number of times t ∈ D2n such that

|f ′t(i2−n)| ≈ 2nβ.

This is imprecise, but I will state some precise theorems below. If β < 1, the expected
number of such times is

2n(2−ζ−λβ), (26)
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where

β =
1

√

(2a+ 1)2 − 4aλ
− 1, ζ = λ+

1

2a

√

(2a+ 1)2 − 4aλ− 1− 1

2a
.

The condition β < 1 corresponds to

λ < λc = 1 + a+
3

16a
,

and in this range we can solve for λ as a function of β. Since there are 22n intervals of
length 2−2n in [0, 1], we can interpret (26) as saying that the “fractal dimension” of the
set of times in [0, 1] at which |f ′t(i2−n)| ≈ 2nβ is (2 − ζ − λβ)/2. This fractal dimension is
maximized when r = ζ = λ = 0. In this case,

β = β(0) = − 2a

2a+ 1
= − 4

4 + κ
.

♣ This says that for small y, the typical value of |f ′
t(iy)|, when the curve is parametrized by capacity,

is y
4

4+κ . As one example, consider the limit as κ→∞ (let’s choose the capacity parametrization at rate

2). In this case, the curve grows deterministically, and by solving the Loewner equation one can check

that |f ′
t(iy)| ≈ y.

Let us consider β(0) ≤ β < 1. This represents larger than typical values of |f ′t(iy)| and
corresponds to 0 ≤ λ < λc. Let

Kβ =

{

t ∈ [0, 1] : lim
y→0+

log |f ′t(iy)|
− log y

= β

}

.

Kβ =

{

t ∈ [0, 1] : lim sup
y→0+

log |f ′t(iy)|
− log y

≥ β
}

.

Theorem 21. [5, 8] Suppose β(0) ≤ β < 1 and let ρ = ζ + λβ. The following hold with
probability one.

• If ρ > 2, Kβ is empty.

• If ρ < 2,

dimh

[

Kβ

]

≤ 2− ρ
2

, dimh

[

γ(Kβ)
]

≤ 2− ρ
1− β .

• If ρ < 2,

dimh [Kβ] =
2− ρ

2
, dimh [γ(Kβ)] =

2− ρ
1− β .

Here dimh denotes Hausdorff dimension.
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Remarks

• Brownian motion in Rd, d ≥ 1, has the property that with probability one, if A ⊂ [0, 1]
then dimh(B(A)) = 2dimh(A). SLEκ in the capacity parametrization does not have
the property that the dimh(γ(A)) depends only on dimh(A).

• The relationship between dimh [Kβ] and dimh [γ(Kβ)] can be seen heuristically as
follows. If dimh [Kβ] = α, then it takes about nα intervals of length 1/n to cover Kβ .
The image of these intervals is dilated by a factor of about |f ′(1/√n)| ≈ nβ/2. Hence

it takes about nα = n
2α

1−β
2

β−1 sets of diameter n2/(β−1) to cover γ(Kβ). This suggests
that the dimension of γ(Kβ) is 2α

1−β .

• The first two parts of the theorem can be deduced from the first moment bound
Theorem 11. A similar bound was found in [3]. The lower bound is harder, and I will
discuss this somewhat below.

• The maximum value of (2− ρ)/(1 − β) is d = 1 + κ
8 and occurs when

β# =
κ

max{4, κ − 4} − 1 > β(0).

A corollary of the last result is that the Hausdorff dimension of the SLEκ path is d;
this result was first proved in [2].

Exercise 22. Use the conformal property of SLEκ to show that for each β, the random
variable dimh[Kβ] is constant with probability one.

To prove the lower bound for a fixed β(0) < β < 1, we construct nontrivial (positive)
measures ν, µ carried on Kβ, γ(Kβ), respectively, such that

∫ 1

0

∫ 1

0

ν(ds) ν(dt)

|s− t|α <∞, α <
2− ρ

2
,

and
∫

C

∫

C

µ(dz)µ(dw)

|z − w|α <∞, α <
2− ρ
β

. (27)

We will focus on the latter which is slightly more difficult to handle. By the exercise above,
it suffices to show that such a measure exists with positive probability.

We construct µ as a (subsequential) limit of a sequence µn of approximating measures.
The form of the approximating measures is

µn =
∑

1/2≤t≤1,t∈D2n

µ(n, t),
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where µ(n, t) is a multiple of Lebegue measure on the disk of radius rn about ft(i2
−n) where

the multiple is chosen so that the total mass of µ(n, t) is

2n(ζ−2) |f ′t(i2−n)|λ J(t, n).

Here λ is the exponent associated to β, rn is a deterministic sequence decreasing to zero,
and J(t, n) is the indicator function of a nice event. We will not be precise, but the form
of the event is

y−β ψ(1/y)−1 ≤ |f ′t(iy)| ≤ y−β ψ(1/y), 2−n ≤ y ≤ 1.

The subpower function ψ is chosen sufficiently large so that

E
[

|f ′t(i2−n)|λ J(t, n)
]

≥ cE
[

|f ′t(i2−n)|λ
]

≍ 2−nζ ,

which implies E[µn] ≥ c1. If one can show that

E[µ2
n] ≤ c2,

E

[
∫ ∫

µn(z)µn(w)

|z −w|α
]

≤ cα <∞,

then standard techniques (see Section 3.7) imply that with probability p = p(c1, c2) > 0,
we can find a subsequential limit satisfying (27).

We will give only a sketch as to why one would hope to get such an estimate. Let us fix
t, t+ s2 ∈ Dn with 1/2 ≤ t < t+ s2 ≤ 1. We would like to write this as

E
[

|f ′t(i2−n)|λ |f ′t+s(i2
−n)|λJ(t, n)J(t+ s, n)

]

.

Using the relationship with the reverse Loewner flow as in Section 2.1, we consider an
expectation of the form

E
[

|h̃′t(z)|λ |h′t+s2(z)|λJ(t, n)J(t+ s2, n)
]

, z = i2−n.

(We abuse notation by using J for the corresponding events for the reverse flow.) Recall
from Section 2.1 that

h̃′t(z)h
′
t+s2(z) = h̃′t(z) h̃

′
t(Zs2(z))h′s2(z),

and the maps h̃t and hs2 are independent. We also consider the map ĥ which denotes the
corresponding map at time t− s2. Then we have

h̃′t(z)h
′
t+s2(z) = h̃′s2(z)h

′
2s2(z) ĥ

′
t−s2(Z̃s2(z)) ĥ′t−s2(Z2s2(z)) .

Here we are writing
Zr(z) = hr(z)− Vr, Z̃r(z) = h̃r(z)− Ṽr.
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• The probability that |h′s2(z)| ≈ [s2n]β is the same as

P{|h′s222n(i)| ≈ 2βn sβ} ≈ 2−nξ s−ξ.

• When we weight paths by |h′s2(z)|λ, and let Zs2(z) = Xs2 + iYs2, then Ys2 ≈ s, |Xs2 | ≤
sψ(1/s). Using the distortion theorem, if f any conformal transformation of H,

|f ′(Zs2(z))| ≈ |f ′(is)|.

• The probability that |h̃′s2(z)| ≈ [s2n]β is about 2−nξ s−ξ.

• Since Ys2 ≈ s, |Xs2 | ≤ sψ(1/s).

|h̃′s2(Zs2(z))| ≈ 1,

and hence
|h′2s2(z)| = |h′s2(z) h̃

′
s2(Zs2(z))| ≈ [s2n]β,

and
|h̃′s2(z)h

′
2s2(z)| ≈ [s2n]2β .

• When we weight by |h̃′s2(z)h
′
2s2(z)|λ, then then the typical path is as above so that

|ĥ′t−s2(Z̃s2(z))| ≈ |ĥ′t−2s2(Z2s2(z))| ≈ |ĥ′t−s2(si)|.

• The probability that |ĥ′t−s2(si)| ≈ s−β is about sζ .

• If we carry this argument out carefully, then we can choose appropriate events J(t, n)
such that

E
[

|h̃′t(z)|λ |h′t+s2(z)|λJ(t, n)J(t+ s2, n)
]

≤ 2−2nξ s−ζ ψ(1/s). (28)

• Using the Koebe-1/4 theorem, we can see that on this event

|Z̃s2(z)− Z2s2(z)| ≥ s ψ(1/s),

and hence
|γ(t) − γ(t+ s2)| ≥ s1−β ψ(1/s).

♣ This is only a basic sketch of the argument. I am not putting in more details, but let me mention
some of the reasons for defining the measure the way that I did.
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• One might try to avoid the event J(t, n) and define a measure proportional to |f ′
t(i2

−n)|λ. It
is probably true that this would concentrate on the correct set. However, the second moment
estimates become tricky, because ones starts to estimate

E
[

|f ′
t(i2

−n)|λ |f ′
s(i2

−n)|λ
]

.

for s near t this starts looking like the 2λ power and the 2λ moment concentrates on a different
event.

• One might try to put a measure proportional to the indicator function of an event. However, we
do not have as sharp estimates for this probability. It is important in getting the second moment
estimate that we an estimate as sharp as (28). In particular, for 1/s of order 1, the right-hand side
is bounded by a constant times 2−nζ. It is because this is needed that the one-variable analysis
leading to (24) was done.

3 The forward flow and dimension

3.1 Some intuition

Suppose z ∈ H and γ is a chordal SLEκ path from 0 to ∞ in H. We will ask two related
questions:

• Does the path hit z? If not, how close does it get?

• What is the Hausdorff dimension of the path γ(0,∞)?

It is known, and we will give a derivation here, that the curve is plane-filling if and only if
κ ≥ 8. In other words,

P{z ∈ γ(0,∞)} =

{

1 κ ≥ 8
0 κ < 8

.

Suppose D is a bounded domain, bounded away from the real line. Suppose κ < 8. If the
fractal dimension of γ ∩D is d, then we expect that the number of disks of radius ǫ needed
to cover the curve is of order ǫ−d. If we divide D into ǫ−2 disks of radius ǫ, then the fraction
of these disks needed to cover D is ǫ2−d. In other words, the probability that a particular
disk of radius ǫ is needed should be about ǫ2−d. Using this as intuition, we expect as ǫ→ 0,

P{dist(γ, z) ≤ ǫ} ≈ ǫ2−d. (29)

The goal of this section is to give a precise version of the relation (29). Rohde and
Schramm [16] first showed that the correct value is

d = 1 +
κ

8
.

More precise estimates [2] are needed to give the result about the Hausdorff dimension
which we state now.

Theorem 23. [2] If κ < 8, then with probability one, the Hausdorff dimension of γt for
t > 0 is 1 + κ

8 .
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3.2 Basic definitions

Distance to the curve is not a conformal invariant or conformal covariant. A more useful,
but similar, notion is conformal radius. Recall that H denotes the upper half plane, and let
D = {z ∈ C : |z| < 1} denote the unit disk.

Definition If D is a (proper) simple connected domain and z ∈ D, we define ΥD(z) to be
one-half times the conformal radius of D with respect to z. In other words, if f : D→ D is
a conformal transformation with f(0) = z, then

ΥD(z) =
1

2
|f ′(z)|.

The factor of 1/2 is a convenience so that

ΥH(x+ iy) = Im(y).

It follows from the definition that the conformal radius is conformally covariant in the sense
that if F : D → F (D) is a conformal transformation,

ΥF (D)(F (z)) = |F ′(z)|ΥD(z). (30)

By definition, we set ΥC(z) = ∞. The conformal radius is closely related to the inradius
defined by

inradD(z) = dist(z, ∂D).

Exercise 24. Use the Koebe 1/4-theorem, to show that for any simply connected domain
D and z ∈ D,

1

2
ΥD(z) ≤ dist(z, ∂D) ≤ 2ΥD(z). (31)

Definition If D is a simply connected domain and w1, w2 are distinct points in ∂D, then

SD(z;w1, w2) = sin[arg f(z)].

where f : D → H is a conformal transformation with f(0) = w1, f(∞) = w2.

The transformation f is unique up to a dilation, and hence the argument of f(z) does
not depend on the choice of f . By definition, SD is a conformal invariant,

SF (D)(F (z);F (w1), F (w2)) = SD(z;w1, w2).

Let hmD(z, ·) denote harmonic measure which is defined by saying that the probability
that a Brownian motion starting at z exits D at V ⊂ ∂D is given by hmD(z, V ).
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Exercise 25.

• Consider z = reiθ ∈ H. Show that the probability that a Brownian motion starting at
z exits H on (−∞, 0) equals θ/π. (Hint: what is the Poisson kernel in H?)

• Find constants 0 < c1 < c2 <∞ such that the following holds. Suppose D is a simply
connected domain and w1, w2 are distinct boundary points of D. Write

∂D = {w1, w2} ∪A1 ∪A2

where A1, A2 are the two connected subarcs of D \ {w1, w2}. Then

c1 SD(z;w1, w2) ≤ min {hmD(z,A1),hmD(z,A2)} ≤ c2 SD(z;w1, w2). (32)

♣When I discuss boundaries of simply connected domainsD, I am using “prime ends”. I will not give
the precise definition, but the basic idea is that boundary points can be reached in different directions.
For example, if D = D \ [0, 1) and the boundary points are 0 and −1, then

A1 = {eiθ : 0 < θ < π} ∪ (0, 1]+,

A2 = {eiθ : π < θ < 2π} ∪ (0, 1]−,

where (0, 1]+ (resp., [0, 1]−) denotes the points in (0,1] reached from the upper half plane (lower half

plane).

We now take a chordal SLEκ path γ parametrized as in Section 0.1. For fixed z ∈ H,
we set Zt = Zt(z) = Xt + iYt = gt(z)− Ut, which satisfies

dZt =
a

Zt
dt+ dBt.

3.3 Radial parametrization

Chordal SLEκ uses the half-plane capacity. If z ∈ H, we can choose a different parametriza-
tion such that log ΥHt(z) decays linearly (this will be valid at least as long as z ∈ Ht.) Let
us fix z, and let

Υt = Υt(z) = ΥHt(z) =
Yt

|g′t(z)|
.

The last equality uses the scaling rule (30) with F = gt. From the (deterministic) Loewner
equation (1), we can compute

∂t|g′t(z)| =
a (Y 2

t −X2
t )

(X2
t + Y 2

t )2
, ∂tΥt = −Υt

2aY 2
t

(X2
t + Y 2

t )2
.
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Since Υt decreases with t we can define

Υ∞ = lim
t→∞

Υt.

Definition If z ∈ H, let

σ(t) = σz(t) = inf
{

s : Υs ≤ e−2at
}

,

ρ(t) = ρz(t) = inf
{

s : dist(∂Ht, z) ≤ e−2at
}

.

We call σ(t) the radial parameterization (with rate 2a).

In the radial parametrization log Υ̂t := log Υσ(t) decays linearly. We choose rate 2a to
makes some equations below a little nicer.

Exercise 26. Suppose Im(z) = 1.

• Find a constant c such that for all t ≥ 0

| log Υρ(t) + 2at| ≤ c.

• Show that there exists a c > 0 such that for all t ≥ 0, 0 ≤ s ≤ 1,

log Υρ(t+s) ≤ log Υρ(t) + cs. (33)

Hint. The first part is straightforward using (31), but the second part requires more
argument.

In the radial parametrization, the argument behaves in a relatively simple fashion. Let

Θt = argZσ(t).

The next exercise gives the equation that we will use.

Exercise 27. Show that there is a standard Brownian motion Ŵt such that Θt satisfies

dΘt = (2a− 1) [cot Θt] dt+ dŴt. (34)
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Hint. There are two parts to this. First, one uses Itô’s formula to give an equation for
argZt, and then one converts to the radial parametrization. The rate 2a is chosen so that
Ŵt is a standard Brownian motion.

♣ By comparison with the Bessel equation, one can show that solutions to the “radial Bessel equa-
tion”

dXt = β [cotXt] dt+ dWt,

reach the origin in finite time if and only if β < 1/2. Hence solutions to the equation (34) reach the

origin in finite time if and only if a > 1/4, κ < 8. Note that finite time in the radial parametrization

corresponds to Υ∞ > 0 which corresponds to z 6∈ γ(0,∞). Hence from this we can see that SLEκ is

plane-filling if and only κ ≥ 8. Another observation is that Θt is a martingale if and only if κ = 4.

♣ When considering SLEκ near an interior point z, the radial parametrization is very useful. How-

ever, the parametrization depends on the point z, so it is not as useful for considering two interior points

simultaneously.

3.4 Green’s function and one-point estimate

If κ < 8, let

d = 1 +
κ

8
= 1 +

1

4a
.

This will be the fractal dimension of the paths, but for the time being, let us consider this
only as a notation.

Definition The Green’s function for chordal SLEκ from w1 to w2 in simply connected D
is

GD(z;w1, w2) = ΥD(z)d−2 SD(z;w1, w2)
4a−1 = ΥD(z)

κ
8
−1 SD(z;w1, w2)

8

κ
−1.

We set
G(z) = GH(z; 0,∞) = [Imz]d−2 sin4a−1[arg z].

The scaling rules for ΥD and SD imply the following scaling rule for GD

GD(z;w1, w2) = |F ′(z)|2−d GF (D)(F (z);F (w1), F (w2)). (35)

Roughly speaking, we think of GD(z;w1, w2) as representing the probability that the SLEκ

path gets close to z. A precise formulation of this comes in the following theorem which we
will prove in this section. If γ is an SLEκ curve in D from w1 to w2, we write γt for γ(0, t],
Dt for the unbounded component of D \ γt containing w2 on its boundary, and if z ∈ D,
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Υt = Υt(z) = ΥDt(z;w1, w2) (if z 6∈ Dt, then Υt = 0), and Υ∞ = limt→∞ Υt. The next
proposition shows that for all D, z,w1, w2,

P{Υt ≤ r} ∼ c∗GD(z;w1, w2) r
2−d, r → 0 + . (36)

Using the scaling rule (35), we can write this as

P{Υt ≤ rΥ0} ∼ c (rΥ0)
2−d GD(z;w1, w2) = c∗ SD(z;w1, w2)

4a−1 r2−d.

Theorem 28. For every κ < 8 there exists u > 0 such that the following holds. Suppose γ
is an SLEκ curve from w1 to w2 in D. Then for every z ∈ D,

P {Υ∞ ≤ rΥ0} = c∗ SD(z;w1, w2)
4a−1 r2−d [1 +O(ru)], (37)

where

c−1
∗ =

1

2

∫ π

0
sin4a x dx.

In particular, if r0 < 1, there exists 0 < c1 < c2 < ∞ such that for all D, z,w1, w2 and all
0 < r ≤ r0,

c1 SD(z;w1, w2)
4a−1 r2−d ≤ P {Υ∞ ≤ rΥ0} ≤ c1 SD(z;w1, w2)

4a−1 r2−d.

The relation (37) means the following. For each r0 < 1, there exists c <∞ which may
depend on κ and r0 but does not depend on r,D,w1, w2, z such that if r ≤ r0,

∣

∣

∣
P {Υ∞ ≤ rΥ0} − c∗ SD(z;w1, w2)

4a−1 r2−d
∣

∣

∣
≤ c SD(z;w1, w2)

4a−1 r(2−d)+u.

We have not motivated why the function GD or the value d sould be as given. We will
do so now. Suppose GD, d exist satisfying (36). Let Ft denote the σ-algebra generated by
{Bs : 0 ≤ s ≤ t} (or, equivalently, by {γ(s), 0 ≤ s ≤ t}). If ρ = inf{t : Υt = r}, then

Nt = P {Υ∞ ≤ r | Ft}

should be a local martingale for 0 ≤ t < ρ. If this is true, then

Mt = E [GD(z;w1, w2) | Ft]

should be a local martingale. The domain Markov property of SLEκ and (37) imply that

E [GD(z;w1, w2) | Ft] = GHt(z; γ(t),∞)

= |g′t(z)|2−d GH(gt(z);Ut,∞)

= |g′t(z)|2−d G(Zt(z)), Zt(z) = gt(z)− Ut.

The function G was first computed in [16] by essentially doing the following exercise.
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Exercise 29. Suppose κ < 8.

• Let
Mt = Mt(z) = GHt(z; γ(t),∞) = |g′t(z)|2−dG(Zt(z)).

Then Mt is a local martingale satisfying

dMt =
(1− 4a)Xt

X2
t + Y 2

t

dBt.

• Suppose Φ : H→ (0,∞) is a C2 function satisfying Φ(rz) = rα−2Φ(z) for some α > 0.
Suppose also that for each z,

|g′t(z)|2−α Φ(Zt(z))

is a local martingale. Prove that α = d and Φ = cG for some c.

Unlike the similar local martingale Mt from the reverse Loewner flow in the previous
section, this local martingale is not a martingale. It “blows up” on the event of probability
zero that z ∈ γ(0,∞).

In the radial parametrization,

M̂t = Mσ(t) = e2at(2−d) [sin Θt]
4a−1.

(If Υ∞ > e−2at, then σ(t) =∞ and M̂t = 0.) Recall that in the radial parametrization,

dΘt = (1− 2a)Θt dt + dŴt.

If
T = inf{t : sinΘt = 0},

we can write
M̂t = e2at(2−d) [sin Θt∧T ]4a−1.

This is a martingale satisfying

dM̂t = (4a− 1) [cot Θt] M̂t dŴt, t < T.

(Itô’s formula shows that this is a local martingale, and since M̂t is uniformly bounded on
every compact interval, we can see that it is actually a martingale.) If we weight by the
martingale M̂t, then

dŴt = (4a− 1) [cot Θt] dt + dWt,

where Wt is a Brownian motion in the new measure, which we denote by P∗ (with expecta-
tions E∗). In particular,

dΘt = 2a [cot Θt] dt + dWt.
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Since 2a > 1/2, with probabilty one with respect to the measure P∗, the process never exits
the open interval (0, π). (Of course, since the martingale M̂t equals zero when sin Θt = 0,
it is obvious that if we weight by M̂t, the process should never leave (0, π)!)

♣ Consider the SDE
dXt = β [cotXt] dt+ dBt, 0 < X0 < π,

where β > 1/2. This is the equation obtained by starting with a Brownian motion Xt and weighting
locally by the function f(x) = [sinx]β . By comparison with a Bessel equation, it is not hard to show
that with probability one 0 < Xt < π for all times. The invariant probability distribution (see Exercise
20 and the comment above that), is

v(x) = C2β [sinx]2β , C−1
2β =

∫ π

0

[sin y]2β dy.

If pt(x, y) denotes the density (as a function of y) of Xt given X0 = x, it is standard to show that

pt(x, y) = v(x) [1 +O(e−αt)], t ≥ 1,

for some α = αβ > 0. In particular, if Φ is a nonnegative function on (0, π),

E [Φ(Xt)] =

[
∫ π

0

Φ(x) v(x) dx

]

[1 +O(e−αt)], t ≥ 1.

We can now prove Theorem 28. By conformal invariance, it suffices to consider SLEκ

from 0 to ∞ in H and Im(z) = 1. Note that Υ0 = 1. Let r = e−2at and v(x) = C4a sin4a x.
Then,

P {Υ∞ ≤ r} = E [1{Υ∞ ≤ r}]
= E∗

[

M̂−1
t ;T > t

]

= E∗
[

M̂−1
t

]

= r2−d

[
∫ π

0
[sinx]1−4a v(x) dx

]

[1 +O(ru)]

= 2C4a r
2−d [1 +O(ru)].

Using (33), we get the following corollary in terms of distances.

Corollary 30. If κ < 8 there exists c < ∞ such that for every D, z,w1, w2 and every
0 < r ≤ 1/2, if γ is the path of SLEκ from w1 to w2 in D, then

P {dist(γ, z) ≤ r inradD(z)} ≤ c SD(z;w1, w2)
4a−1 r2−d. (38)

The restriction r ≤ 1/2 is not required if D = H. This can be seen from the following
estimate that we will not prove here. One can prove this similarly to the proofs in this
section, but another simple proof can be found in [1]. Note that

SH(x+ xǫi; 0,∞) ∼ ǫ, ǫ→ 0 + .
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Proposition 31. If κ < 8, there exists c <∞ such that if γ is the path of SLEκ from 0 to
∞ in H, x, ǫ > 0, then

P {dist(γ, x) < ǫx} ≤ c ǫ4a−1.

3.5 Two-sided radial and radial SLEκ

Two-sided radial SLEκ from 0 to∞ through z can be thought of as chordal SLEκ from 0 to
∞ conditioned to go through z. This is conditioning on an event of probability zero, so we
need to be careful in the definition. A standard way to define events “conditioned on events
of measure zero” is to consider a sequence of events of positive probability decreasing to
the event, condition with respect to these events of positive probability, and hope to obtain
a limit of the measures. It is more convenient to use the Girsanov theorem directly to
define two-sided radial but our definition is equivalent to other natural ways of defining the
measure (see Exercise 32). The term “two-sided radial” comes from thinking of the path as
two (interacting) radial paths from z to 0 and ∞, respectively.

Definition If κ < 8, then two-sided radial SLEκ from 0 to ∞ through z (up to time Tz) is
chordal SLEκ weighted by the local martingale

Mt = GHt(z; γ(t),∞).

If we use the radial parametrization as above, then for two-sided radial SLE,

dΘt = 2a sinΘt dt+ dWt,

where Wt is a Brownian motion. In the half-plane capacity parametrization, two-sided
radial SLEκ satisfies

dXt =
(1− 3a)Xt

X2
t + Y 2

t

dt+ dWt, ∂tYt = − aYt

X2
t + Y 2

t

. (39)

Exercise 32. Suppose κ < 8 and z ∈ H. For t < t′ consider the following probability
measures on paths γ(s), 0 ≤ s ≤ σ(t). Here we use the half-plane capacity.

• P1 = P1,t is chordal SLEκ conditioned on the event {σ(t) <∞} stopped at time σ(t).

• P2 = P2,t is two-sided radial SLEκ stopped at time σ(t).

• P3,t′ = P3,t′,t is chordal SLEκ conditioned on the event {σ(t′) < ∞} stopped at time
ρ(t).

Then,

• Show that P1, P2 are mutually absolutely continuous and give the Radon-Nikodym
derivative.
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• Show that
lim

t′→∞
‖P2 − P3,t′‖ = 0,

where ‖ · ‖ denotes variation distance.

In the discussion on natural parametrization, we will need to consider the time duration
in the half-plane capacity of radial SLEκ, κ < 8. Suppose γ is two-sided radial SLE from
0 to ∞ in z and let Tz = inf{t : γ(t) = z}. Then with probability one, Tz < ∞. We let
φ(z; t) denote the distribution function,

φ(z; t) = P∗{Tz ≤ t},

where P∗ denotes probabilities using two-sided radial SLEκ. This is also the distribution
time for inf{t : Yt = 0} where Xt, Yt satisfy (39) with X0 + iY0 = z. Let φ(z) = φ(z; 1);
scaling implies

φ(z; t) = φ(z/t2).

We think of φ(z; t) as the probabililty that z ∈ γ(0, t] given that z ∈ (0,∞). One can show
that

E [Mt(z)] = [1− φ(z; t)]M0(z).

♣ Two-sided radial can be considered as a type of “SLE(κ, ρ)” process. We will not define these

processes here. In fact, most, if not all such processes, can be viewed as processes obtained from the

Girsanov theorem by weighting by a local martingale. I find the Girsanov viewpoint more natural, because

it generally can be seen as weighting locally by a function. The function may depend on a number of

marked points, e.g., the SLEκ Green’s function.

3.5.1 Radial SLEκ

Another example of a process that can be obtained from chordal SLEκ by a local martingale
is radial SLEκ. If γ is an SLEκ, process, let

Φt = HH(gt(z), Ut) = |Zt|−1 arg[Zt].

Here HH(z, x) denotes π times the Poisson kernel for Brownian motion in H. We will not
need radial SLE in these notes, so we leave this relationship as an exercise.

Exercise 33. Let γ denote SLEκ. Let

b =
3a− 1

2
=

6− κ
2κ

.

Show that

dΦb
t = Φb

t

[

At dt+
(1− 3a)Xt

X2
t + Y 2

t

dBt

]

,
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for some At. In particular,

Mt = exp

{

−
∫ t

0
As ds

}

Φb
t ,

is a local martingale satisfying

dMt =
(1− 3a)Xt

X2
t + Y 2

t

Mt dBt.

The process that one obtains by weighting by Mt in this exercise is radial SLEκ from
0 to z in H. More precisely, it is radial SLEκ defined up to the first time that the path
separates z from ∞. For this process, in the radial parametrization one gets

dΘt = a sin Θt dt+ dWt,

where Wt is a standard Brownian motion. Radial SLEκ is usually described as a random
curve growing from the boundary of the unit disk to the origin. It is usually parametrized
using a radial parametrization (so that the logarithm of the conformal radius decays lin-
early). Note that this process reaches the origin in finite time if and only if a < 1/2 (κ > 4).
If κ > 4, the path disconnects z from ∞ in finite (radial) time.

3.6 Beffara’s two-point estimate

The first proof of Theorem 23 as well as one proof of existence of natural parametrization
uses the following estimate.

Proposition 34. Suppose κ < 8 and D is a bounded domain bounded away from the real
line. Then there exists c <∞ such that for all ǫ, δ > 0 and z,w ∈ D,

P{Υ∞(z) ≤ ǫ,Υ∞(w) ≤ δ} ≤ c ǫ2−d δ2−d |z − w|d−2.

This proposition is not easy to prove. The hard work is showing the estimate when
|z − w| is of order 1. In Section 4.2 we discuss the proof of the following.

Proposition 35. Suppose κ < 8, and 0 < u1 < u2 <∞ Then there exists c <∞ such that
for all ǫ, δ > 0 and all z,w with

u1 ≤ Im(z), Im(w) ≤ u2,

u1 ≤ |z − w| ≤ u2,

then
P{Υ∞(z) ≤ ǫ,Υ∞(w) ≤ δ} ≤ c ǫ2−d δ2−d.
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Let us discuss how to get Proposition 34 from Proposition 35. It suffices to consider
ǫ, δ, |z − w| sufficiently small and without loss of generality assume

δ ≤ ǫ ≤ |z − w|.

(If |z − w| ≤ ǫ, we can use the estimate on P{Im(w) ≤ δ}.) Let ρ be the first time t that
Υt(z) ≤ 10|z − w|. Then

5 |z −w| ≤ inradHρ(z) ≤ 20 |z − w|.

P{ρ <∞} ≍ |z − w|2−d. (40)

Applying distortion estimates to gρ on the disk of radius 5|z − w| about z, we see that

|gρ(z)− gρ(w)| ≍ |g′ρ(z)| |z −w| ≍ |g′ρ(w)| |z − w| ≍ Im[gρ(z)] ≍ Im[gρ(w)].

(The reader may wish to verify this. Note that we get both lower and upper bounds on
|gρ(z)− gρ(w)|. This uses the univalence of gρ.) Therefore Υρ(w) ≍ |z −w|. Therefore, for
some c,

P{Υ∞(z) ≤ ǫ,Υ∞(w) ≤ δ | Fρ} ≤ P

{

Υ∞(z) ≤ ǫΥρ(z)

|z − w| ,Υ∞(w) ≤ c δΥρ(w)

|z − w| | Fρ

}

.

By conformal invariance, the right-hand side equals

P

{

Υ∞(gρ(z)) ≤
ǫ Im(gρ(z))

|z − w| ,Υ∞(gρ(w)) ≤ c δ Im(gρ(w))

|z − w|

}

.

If we let z1 = gρ(z)/Im(gρ(z)), w1 = gρ(w)/Im(gρ(z)), then by conformal invariance, this
equals

P

{

Υ∞(z1) ≤
ǫ

|z − w| ,Υ∞(w1) ≤
c̃ δ

|z −w|

}

,

where c̃ = c Im(w)/Im(z). Since |z1 − w1| ≍ Im(w1) ≍ Im(z1) = 1, Proposition 35 shows
that this probability is bounded above by

c ǫ2−d δ2−d |z − w|2(d−2).

Combining this with (40), we get Proposition 34.

3.7 Hausdorff dimension

Proposition 34 was the hard step in Beffara’s proof of the lower bound of the Hausdorff
dimension of SLEκ curves. In this subsection, we will sketch the basic technique to convert
such two-point estimates into estimates on dimension.

Theorem 36. If κ < 8, then with probability one the Hausdorff dimension of γ[0,∞) is
d = 1 + κ

8 .
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It is not difficult to see that the value of the dimension is almost surely constant. Giving
the upper bound is not difficult using the one-point estimate. We will only discuss the hard
direction, the lower bound. It suffices to show that for some domain D and every α < d,
there is a positive probability that the Hausdorff dimension of γ∩D is at least α. The hard
work is the two-point estimate Proposition 34. The rest follows from the proposition below
which has appeared a number of places.

Proposition 37. Suppose 0 < β < m and A is a random closed subset of [0, 1]m. If
j = (j1, . . . , jm) ∈ Sn := {1, . . . , 2n}m. Let

Vn(j) =

[

j1 − 1

2n
,
j1
2n

]

× · · · ×
[

jm − 1

2n
,
jm
2n

]

,

let Kn(j) denote the indicator function of the event

{A ∩ Vm(j) 6= ∅} .

Assume there exist 0 < c1 < c2 <∞ and a subpower function ψ such that

c1 2(β−m)n ≤ E [Kn(j)] ≤ c2 2(β−m)n, (41)

E [Kn(j1)Kn(j2)] ≤ 22(β−m)n

( |j1 − j2|
2n

)(β−m)n

ψ

(

2n

|j1 − j2|

)

. (42)

Then with positive probability, dimh(A) ≥ β.

Sketch of proof. Let

An =
⋃

Kn(j)=1

Vn(j).

Then A1 ⊃ A2 ⊃ A3 ⊃ · · · and

A =

∞
⋂

n=1

An.

Let µn denote the (random) measure whose density with respect to Lebesgue measure on
Rm is

fn(x) = 2βn 1{x ∈ An}.
The estimates (41) and (42) imply that there exist c3, c4 such that

c3 ≤ E [µn(An)]2 ≤ E
[

µn(An)2
]

≤ c4.

Moreover, for every α < β, there exists Cα <∞ such that

E [Eα(µn)] ≤ Cα,

where

Eα(µ) =

∫ ∫

µ(dx)µ(dy)

|x− y|α .
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Using second moment methods and the Markov inequality, we see that there exists c5, c6 > 0
(independent of α) and C̃α <∞ such that

P
{

c5 ≤ µn(An) ≤ c6 and Eα(µn) ≤ C̃α for infinitely many n
}

≥ c5.

On the event on the left-hand side, we can take a subsequential limit and construct a
measure µ supported on A with µ(A) ≥ c5 and Eα(A) ≤ Cα}. On this event, Frostman’s
lemma implies that dimh(A) ≥ α.

4 Two-point estimates

In this section we sketch the main idea in the proof of Proposition 35 and discuss the
multi-point Green’s function for SLE.

4.1 Beurling estimate

There is one standard estimate for Brownian motion (harmonic measure) that we will use
in the next section. We state it here. A proof can be found in [6].

Proposition 38 (Beurling estimate). There is a c < ∞ such that the following is true.
Suppose η : [0, 1] → D is a curve with |η(0)| = ǫ, |η(1)| = 1. Then the probability that a
Brownian motion starting at the origin reaches the unit circle without hitting η is bounded
above by cǫ1/2.

♣ This estimate is a corollary of a stronger result, the Beurling projection theorem, which implies

that for fixed ǫ, the radial line segment {reiθ : ǫ ≤ r ≤ 1} maximizes the probability. By finding an

appropriate conformal transformation, one can see that the probability in this case is asymptotic to c ǫ1/2.

4.2 Proof of Proposition 35

We will only sketch some of the main ideas in the proof of Proposition 35 following [12].
For ease we will consider z = −1 + i, w = 1 + i and ǫ, δ < 1/4 with n ≥ 2. The main idea is
to show that if a curve is going to get very close to z and very close to w, it does one of two
things. Either it gets very close to z without having gotten very close to w and then gets
close to w or vice versa. What is unlikely to happen is that the curves gets near z and then
near w and then nearer to z and then nearer to w, etc. In order to keep track of this, we
note that any time the path goes near z and then near w it must go through the imaginary
axis I = {iy : y > 0}. In fact, there are crosscuts contained in I that it must cross.

Some topological issues come up. One is to show that for each t, there exists unique It
with I0 = I such that {It : t ≥ 0} satisfies the following properties. Recall that Ht is the
unbounded component of H \ γt,
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• Each Is is an open connected subarc of I that divides Hs into two components, one
containing z and the other containing w.

• s < t implies Is ⊃ It.

• If s < t and γ[s, t] ∩ I = ∅, then Is = It.

We define a sequence of stopping times τj and radii qj, rj as follows.

• τ0 = 0, q0 = 1, r0 = 1,

• If τj <∞, let
γj = γ[0, τj ], Hj = Hτj

,

qj = dist
[

z, γj
]

, rj = dist
[

w, γj
]

.

σj+1 = inf {t > τj : |γ(t)− z| ≤ qj/2 or |γ(t)− w| ≤ rj/2} ,
τj+1 = inf{t > σj+1 : γ(t) ∈ Iσj+1

}.

• Note that if τj+1 <∞, then either

qj+1 ≤ qj/2 and rj+1 > rj/2

or
qj+1 > qj/2 and rj+1 ≤ rj/2.

We call the two cases z-excursions and w-excursions, respectively.

What makes the proof tricky is that there are many different combinations of z and w
excursions that can occur for which eventually dist(z, γ) ≤ ǫ and dist(w, γ) ≤ ǫ. Let us
consider the case of z-excursions. What we need to show is something like the following.

• There exists α > 0 such that the probability of a successful z-excursion at the (j + 1)
step with qj+1 ≤ δqj given γj is bounded above a constant times

δ2−d qα
j . (43)

We will discuss the proof of (43); the proof actually gives a particular value of α but this
is not important. With this estimate, one can sum over all possible combinations of z and
w excursions and get the result. This last step is fairly straightforward and we will not do
this here.

To prove (43), it is important to realize that a successful z-excursion requires two events
to occur.

• There exists a first time T > τj such that |γ(T )− z| ≤ δ qj.

• The SLEκ path hits the crosscut IT after time T .
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There are different topological situations to consider but the basic idea is that those config-
urations for which the first event is relatively likely to occur are those for which the second
event is unlikely.

To separate into two cases, consider the domain Hj and let A1, A2 be the two arcs in
the boundary as in (32). Let

Ŝj = SHj (z; γ(τj),∞).

Recall from that equation that

Ŝj ≍ min {hmHj (z,A1),hmHj (z,A2)} .

Case 1. Suppose I = Iτj
is an unbounded segment. Then the endpoint of this compo-

nent is γ(τj). Since I disconnects z and w, we can see that one of the arcs A1, A2, say A2,
defined at time τj has the following property: any path from z to A2 staying in Hj must
go through I. This observation and the Beurling estimate (Proposition 38) give

hHj (z,A2) ≤ c q1/2
j

and hence
Ŝj ≤ c q1/2

j .

Using (38), we see that the probability for γ to get within distance δrj of z is bounded

above by a constant times δ2−d q
(4a−1)/2
j .

Case 2. Suppose I = Iτj
is a bounded segment and let A1, A2 be the arcs in ∂Hj .

There is a radial line of length qj from z to ∂Hj ; it hits one of these arcs, let us assume it
is A1. Let ∆j denote the infimum of all r such that there exists a curve in Hj from z to A2

that stays in the disk of radius r about z. The Beurling estimate and (32) as above imply

Ŝj ≤ c (qj/∆j)
1/2.

We split into two possibilities: ∆j <
√
qj and ∆j ≥ √qj.

• If ∆j ≥ √qj, then we can use (38) to say that the probability for γ to get within

distance δrj of z is bounded above by a constant times δ2−d q
(4a−1)/4
j .

• If ∆j ≤ √qj, there exist curves η1, η2 in the intersection of Hj with the disk of radius

q
1/2
j about z from z to A1, A2, respectively. We can concatentate these curves to get

a crosscut of Hj from A1 to A2 going through z, staying in the disk of radius q
1/2
j of

z. This curve disconnects I from ∞ in Hj. Let

T = inf{t ≥ τj : |γ(t) − z| = δ qj}.

By (38), the probability that T <∞ is bounded above by a constant time δ2−d. The
claim is that the conditional probability that γ intersects I = IT after time T given
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T < τj+1 is bounded above by a constant times qα. To see this we take a radial line
segment from γ(T ) to z. Combining this with a subset of η, we can see that there is a
curve from γ(T ) to ∂HT that disconnects I from∞ in HT and has diameter less than

2q
1/2
j . Using this and estimates on Brownian excursion measure (details omitted —

the Beurling estimate is used again), we can see that if l is the image of I under gT ,
then

diam(l)/dist(UT , l) ≤ c q1/2
j .

The probability that SLEκ in HT from γ(T ) to ∞ hits I can now be bounded using
Proposition 31.

4.3 Multi-point Green’s function for SLEκ

The techniques to prove the two-point estimate in [12] can be used to prove the following
two-point version of (38).

Theorem 39. [12] For every κ < 8, there exists a function G(z,w) such that if z,w ∈ H,
then

lim
ǫ,δ→0

ǫd−2 δd−2 P{Υ∞(z) ≤ ǫ,Υ∞(w) ≤ δ} = c2∗G(z,w).

This theorem does not give an explicit form for G. We can write

G(z,w) = G̃(z,w) + G̃(w, z),

where G̃ represents the “ordered” Green’s function. For example G̃(z,w) represents the
probability of visiting z and then later visiting w. We can represent G̃(z,w) in terms of
two-sided radial SLEκ through z as we now show. The limit in the theorem is independent
of how ǫ, δ go to zero. Let us stretch things a bit a let ǫ go to zero fixing δ. Recall that (38)
implies

lim
ǫ→0

ǫd−2 P{Υ∞(z) ≤ ǫ} = c∗G(z).

The limiting distribution on paths is that of two-sided radial SLEκ going through z. The
conditional probability that Υ∞(w) ≤ δ “after γ hits z given γ goes through z” should be

P{Υ∞(w) ≤ δ}

for SLEκ in HTz from z to ∞. Using (38) again we see that

lim
ǫ→0

ǫd−2 P{Υ∞(w) ≤ ǫ} = c∗GHTz
(w; z,∞).

Therefore,

G̃(z,w) = E∗
[

GHTz
(w; z,∞)

]

= E∗
[

|g′Tz
(w)|2−d G(ZTz (w))

]

,

where E∗ denotes expectation with respect to two-sided radial SLEκ going through z.
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The basic idea is that if γ is going to get very close to both z and w, it either first gets
very close to z and then gets very close to w or vice versa. It does not keep going back and
forth. The estimate (43) is the critical step for making this rigorous.

With the two-point Green’s function, we have a two-point local martingale. Let

Mt(z,w) = |g′t(z)|2−d |g′t(w)|2−d G(Zt(z), Zt(w)). (44)

Recall that
σz(s) = inf

{

t : Υt(z) ≤ e−2as
}

.

It follows from Theorem 39 that for all s, Mt∧(σz(s)∧σw(s)) is a martingale and hence Mt(z,w)
is a local martingale.

♣ Another possible approach to find the multi-point Green’s function is to find a function such that

Mt(z, w) in (44) is a local martingale. Using Itô’s formula and the product rule, this gives a differential

equation in three real variabes. (Two complex variables gives four real variables, but a scaling relation

reduces the number of variables by one.) This is a possible approach to finding a closed form for this

function. However, I suspect that one would need an estimate similar to (43) to prove Theorem 39.

5 Natural parametrization or length

5.1 Motivation and heuristics

The capacity parametrization for SLE is very useful for analyzing the process. In particular,
it is the parametrization in which the maps gt are differentiable in t. However, if one
considers scaling limits of discrete processes, there are other parametrizations that one
would choose. For example, if one scales self-avoiding walks on the lattice, it is standard to
parametrize so that each lattice step is taken in the same amount of time. We can ask if
we can find such a parametrization for SLEκ.

Let us suppose for the moment, that such a parametrization exists. Suppose γ is the
curve of SLEκ parametrized by half-plane capacity; for convenience, let us choose the rate
so that the half-plane capacity of γ(0, t] is t.

Let Θt denote the amount of “natural time” needed to traverse the curve γ(0, t]. Here,
we are starting γ in the half-plane capacity parametrization. We would hope that Θt is
a continuous, increasing process. We can also view Θt as a measure supported on the
path where the measure of γ(0, t] is Θt. In the case κ ≥ 8, one natural choice would be
Θt = area(γ(0, t]). We will restrict our consideration to κ < 8. In this case, we might
want to define Θt some d-dimensional measure of γ(0, t]. Suppose Θt exists, and consider
Θt+∆t − Θt which is the amount of “natural time” needed to traverse γ[t, t + ∆t]. Let
η = gt(γ[t, t + ∆t]). The capacity parametrization is invariant under gt in the sense that
the half-plane capacity of η is ∆t. Hence we expect that diam η ≈

√
∆t. If the natural
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parametrization is a d-dimensional measure then the natural time needed to traverse η is
about

(diam η)d ≈ (∆t)d/2.

Also, d-dimensional measures have the property that if one blows up a set by a factor of r,
then the measure is multiplied by rd. If we consider Ut + i

√
∆t as a typical point on η, we

might guess that the amount of natural time to traverse γ(t, t+ ∆t] is

|f ′t(i
√

∆t)|d (∆t)d/2.

Using this as motivation and setting ∆t = n or 2−n, we might conjecture the following:

Θt = lim
n→∞

n−d/2
∑

j≤tn

|f ′j/n(i/
√
n)|d,

Θt = lim
n→∞

2−nd/2
∑

j≤t2n

|f ′j2−n(i2−n/2)|d. (45)

Much of the more intricate analysis in Section 2 was developed to try to understand the
right-hand side. Although we still do not know that the limit exists, there are some things
we can say.

In the notation of that section, note that if r = 1, then

λ = d, ζ = 2− d, q = 2a− 1

2
,

β

2
=

1

4a
− 1

2
= d− 3

2
.

For κ < 8, 1 < rc, so the approach there works. In particular,

E[|f ′s/t2(i/t)|d] = E[|f ′s(i)|d] ≍ s
d
2
−1.

which gives, for example,

E



n−d/2
∑

j≤n

|f ′j/n(i/
√
n)|d



 ≍ n−d/2
∑

j≤n

j
d
2
−1 ≍ 1.

(Since we expect E[Θ1] to be positive and finite, this is consistent with our heuristics.) Also,
the expectation in

E[|f ′1(i/n)|d]
is carried on an event on which

|f ′1(i/
√
n)|d ≈ nβ/2 = nd− 3

2 .

The probability of this event is about n−α where

n−α ndβ/2 = n
d
2
−1.
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Therefore,
α = dβ + 2− d = d2 − 2d+ 1

As we let n→∞, we get an exceptional set A ⊂ [0, 1] of times which can be covered by
about n1−α intervals of length 1/n. Hence has fractal dimension

1− α = d(2− d).

However, the images of these exceptional intervals should have diameter of order

n−1/2 · |f ′1(i/
√
n)| ≈ nd−2.

Hence the image of A is covered by n1−α intervals of diameter nd−2 which means the
dimension d∗ of the image satisfies

[nd−2]−d∗ = n1−α.

This retrieves d∗ = d.
There has been a lot of hand-waving in this argument, but one can make it rigorous [8]

to show the following.

• With probability one, the Hausdorff dimension of the set of times t such that

|f ′t(iy)| ≈ y−β, y → 0+, (46)

is d(2− d).

• With probability one, there is a subset A of times satisfying (46) such that γ(A) has
Hausdorff dimension d.

In particular, the Hausdorff dimension of the curve is at least d. This gives another
proof of Beffara’s theorem. In fact, this is one case of the analysis in Section 2. The details
were carried out in this case is [8] and generalized to the tip multifractal spectrum in [5].

♣ An important corollary of this multifractal analysis is that the natural parametrization is singular

with respect to the capacity parametrization.

♣ Some comments about terminology: for smooth curves, the term natural parametrization is used

in some circles for parametrization by arc length. We think of this as the d-dimensional analogue. It

is also the scaling limit of parametrization by arc length and so the phrase natural length is also used.

Natural length may be a better word, but one must remember that this is a d-dimensional quantity.
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5.2 A rigorous definition of natural parametrization

Suppose γ is an SLEκ curve with κ < 8. We have seen that if z ∈ H, then

lim
ǫ→0+

ǫd−2 P{Υ(z) ≤ ǫ} = c∗G(z).

We conjecture (and think it might not be too difficult to prove) that there exists a constant
c0 such that the following is true.

Conjecture. There exist c0 > 0, such that if D is a simply connected domain and γ is
SLEκ from w1 to w2, then for z ∈ D,

lim
ǫ→0+

ǫd−2 P{dist(γ, z) ≤ ǫ} = c0GD(z;w1, w2).

We will assume this conjecture. We list another conjecture, which we believe is more
difficult.

Conjecture. If D is a simply connected domain and γ is SLEκ from w1 to w2, then for
z ∈ D, t > 0, the limit

Θt = lim
ǫ→0+

ǫd−2 c−1
0 area{z : dist(γt, z) ≤ ǫ}

exists.

Let us assume this conjecture and see what it implies. For ease, let us assume that D is a
bounded domain, and γ is an SLEκ curve from w1 to w2 inD. The choice of parametrization
is not really important, but let us assume that it retains the capacity parametrization from
the upper half plane. Then

Θ∞ = lim
ǫ→0+

ǫd−2 c−1
0 area{z : dist(γ, z) ≤ ǫ}. (47)

It seems reasonable from (47) that

E[Θ∞] =

∫

D
GD(z;w1, w2) dA(z),

where we write dA for integrals with respect to area. Also,

E[Θ∞ | γt] = E[Θt + (Θ∞ −Θt) | γt] = Θt + E[Θ∞ −Θt | γt].

But the conformal Markov property and (47) would imply that

E[Θ∞ −Θt | γt] =

∫

Dt

GDt(z; γ(t), w2) dA(z),

where, as before, Dt is the unbounded component of D \ γt containing w2 on the boundary.
But E[Θ∞ | γt] is a martingale. Hence we get the following characterization.
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• Θt is the unique increasing, adapted process such that

Nt := Θt +

∫

Dt

GDt(z; γ(t), w2) dA(z) (48)

is a martingale.

We will use this to try to construct Θt.
Let us return to the upper half plane. There is a technical issue that we would expect

E[Θ∞] = ∞. To avoid this problem, suppose D is a bounded subdomain of H and let,
Θt = Θt(D) be the amount of “natural time” that the process has spent in D up to
capacity time t. Then using the reasoning above, we would expect

E[Θ∞] =

∫

D
G(z) dA(z)

E[Θ∞ | γt] = Θt + Ψt

where

Ψt = Ψt(D) =

∫

D
Mt(z) dA(z),

and
Mt(z) = GHt(z; γ(t),∞) = |g′t(z)|2−d G(Zt(z))

is the local martingale from Section 3.4.

Definition The natural parametrization Θt (restricted to D) is the unique, adapted, con-
tinuous, increasing process such that

Nt = Ψt + Θt

is a martingale.

The definition implies the existence of such a process. Uniqueness is not difficult since
the difference between any two candidates would be a continuous martingale with paths of
bounded variation and hence must be zero. Existence is the issue. Since Mt(z) is a positive
local martingale, it is a supermartingale. We recall the function φ from Section 3.5 which
satisfies

E [Mt(z)] = [1− φ(z; t)] E [Mt(z)] , φ(z) = φ(z; 1).

From this, one can see that Ψt is a supermartingale. The Doob-Meyer decomposition implies
that there exists Θt such that Ψt is a local martingale. However, it is not immediate that
Θt is nontrivial.
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♣ Mt(z) is a positive supermartingale, but the increasing process Θ∗
t that makes Mt(z)+Θ∗

t a local

martingale is the zero process. This shows that some work is needed to show our Θt is not identically

zero. In particular, we need to show that Ψt is not a local martingale.

It turns out the process Θt is nontrivial for all κ < 8. This was proved for κ < κ0 =
4(7 −

√
33) = 5.021 · · · . in [11] and for κ < 8 in [13]. The former approach, which should

work for all κ < 8, yields some more information, so we will discuss both methods. Let us
consider Θ1.

The way to construct Θ1, as in the proof of the Doob-Meyer theorem, is to discretize
time. Let Dn denote the dyadics. Then for t ∈ Dn, we let

Θ
(n)
t+2−n −Θ

(n)
t = E[Ψt −Ψt+2−n | γt].

Using the conformal Markov property of SLE and by changing variables, one can show that

E[Ψt −Ψt+2−n | γt] =

∫

H

|f ′t(z)|d φ(z; 2−n)G(z) 1{ft(z) ∈ D} dA(z). (49)

Hence

Θ
(n)
1 =

2n−1
∑

j=0

∫

H

|f ′j2−n(z)|d φ(z; 2−n)G(z) 1{f ′j2−n (z) ∈ D} dA(z). (50)

♣ The expression (49) is a little complicated, but let us approximate it. The function φ(z; 2−n) is
of order one for |z| ≤ 2−n/2 and near zero otherwise. For typical z in this disk, G(z) ≍ (2−n/2)d−2 =

2−n( d

2
−1). If we choose i2−n/2 as a typical point in the disk, then we can see that the expression is of

the same order of magnitude as

2−n 2−n( d

2
−1) |f ′(i2−n/2)|d = 2−nd/2 |f ′(i2−n/2)|d.

Given this we see the similarity between this expression and the one in (45).

It is easy to see that the process

N
(n)
t = Ψt + Θ

(n)
t , t ∈ Dn,

is a discrete time martingale. The hard step is to take the limit. If the martingales have a
uniform L2 bound, then there one can take the limit easily. In [11], this bound was shown
directly for κ < κ0. It was conjectured that this would hold for all κ < 8. The method gives
a bound on the Hólder continuity of Θt (with respect to the capacity parametrization).

The Doob-Meyer theorem says that one can take the limit provided that the collection
of random variables {ΘT } is uniformly integrable where T runs over all stopping times with
T ≤ 1. Using this, as in [13] adapting an argument from [18], we can show existence for all
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κ < 8. The argument uses the multi-point Green’s function G(z,w). Using Theorem 39,
one can see that

Mt(z,w) = |g′t(z)|2−d |g′t(w)|2−d G(Zt(z), Zt(w))

is a positive local martingale and hence a supermartingale. The two-point estimate Propo-
sition 34 combined with Theorem 39 gives

G(z,w) ≤ c |z − w|d−2 z,w ∈ D.

In [13], it is shown that there exists c <∞ such that

G(z)G(w) ≤ cG(z,w).

From this we see that if T is a stopping time,

E [MT (z)MT (w)] ≤ cE [MT (z,w)] ≤ cE [M0(z,w)] = cG(z,w) ≤ c |z − w|d−2.

Therefore,

E
[

Ψ2
T

]

≤
∫

D

∫

D
E [MT (z)MT (w)] dA(z) dA(w) ≤ c

∫

D

∫

D
|z − w|d−2 dA(z) dA(w) ≤ c.

The uniform bound on E
[

Ψ2
T

]

shows the uniform integrability.

5.3 Other domains and other reference measures

We have defined the natural parametrization Θt for SLEκ in H and given an expression
for it as a limit (50). This can be taken as a limit with probablity one at least if we take a
subsequence. Suppose γ is an SLEκ curve in H with the capacity parametrization. Define

St = inf{s : Θs = t} η(t) = γ(St).

Then η is SLEκ in H with the natural parametrization.
Suppose

F : H→ D

is a conformal transformation with F (0) = w1, F (∞) = w2. If γ is an SLEκ curve in H
with the capacity parametrization, then

γ̃ = F ◦ γ(t)

is SLEκ in D from w1 to w2 with the capacity parametrization. Define ΘD
t by

ΘD
t =

∫ t

0
|F ′(γ(s))|d dΘs =

∫ Θt

0
|F ′(η(s))|d ds.

It is not too difficult to show that ΘD
t satisfies the characteristic property (48) and hence

is the correct definition of the natural parametrizaton in D.
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If D is a subdomain of H and w1 = 0, w2 =∞, there are two ways to define the natural
parametrization for a curve — by considering is as a curve in H or as a curve in D. If we
prove something like (47), it would be obvious that the definitions agree. While we do not
have (47), in [10] it is shown that the definitions agree. There are many questions which
are open. For example, is the natural parametrization for a curve the same as the natural
parametrization of the reversal? Dapeng Zhan [19] proved that SLEκ is reversible at least
for 0 < κ ≤ 4; if we have a result like (47), reversibility of the natural length would be
immediate. Unfortunately, it is now an open problem.

Although we used area as our reference measure, we could also define natural parametriza-
tion Θt,µ with respect to a different positive measure µ. In this case, we would set

Ψt = Ψt,µ =

∫

D
GDt(z; γ(t), w2)µ(dz),

and require that Ψt + Θt,µ be a martingale. If one follows the proof, one can see that a
condition on µ sufficient in order for the Θt,µ to be well defined is

∫ ∫

µ(dz)µ(dw)

|z − w|2−d
<∞.

In other words, if µ is an α-dimensional measure for α > 2− d, then it is well defined.

Exercise 40. Suppose η is SLEκ in H from 0 to∞ in the natural parametrization. Suppose
F : H→ D is a conformal transformation as above, and let η̃(t) = F (η(t)). Show that η̃ has
the natural parametrization with respect to the measure µ with

µ(dz) = |(F−1)′(z)|d dA(z).

An exercise: Brownian motion in three dimensions

An example which has many of the properties that we have seen in the last three sections
is Brownian motion. We will discuss the case of three dimensions and give a sequence of
exercises for the reader. This example is somewhat easier than SLEκ but it contains many
of the same ideas. Throughout this subsection, Bt will denote a standard Brownian motion
in R3 and G(x) = 1/|x| will denote the Green’s function of three-dimensional Brownian
motion. The important properties of G are radial symmetry and the fact that G is harmonic
on R3 \ {0}. Let

Mt(z) = G(Bt − z),
ρz(r) = inf{t : |Bt − z| ≤ r},
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Exercise 41. Show that for z 6= 0, Mt(z) is a local martingale satisfying

dMt(z) = Mt
∇G(Bt − z)
G(Bt − z)

· dBt.

Use the local martingle to conclude

P{ρz(r) <∞} =
r

|z| ∧ 1.

For each z, we can consider the measure P∗
z obtained by weighting by the local martingale

Mt(z). Under this measure

dBt = Jt dt + dWt, Jt =
∇G(Bt − z)
G(Bt − z)

,

where Wt is a standard three-dimensional Brownian motion with respect to P∗
z. We claim

that Mt(z) is not a martingale. This can be derived from either of the next two exercises.
Let

Tz = inf{t : Bt = z}.
If z 6= 0, then P{Tz =∞} = 1.

Exercise 42. Show that with probability one with respect to P∗
z, Tz <∞.

Exercise 43. Show that
lim
t→∞

E [Mt(z)] = 0.

The next exercise concerns the two-point Green function. This is the analogue of The-
orem (39) although the exercise is significantly easier than the proof of that theorem.

Exercise 44. Show that

lim
ǫ,δ→0+

ǫ−1 δ−1 P {ρz(ǫ) <∞, ρw(δ) <∞} = G(z,w),

where
G(z,w) = [G(z) +G(w)]G(z − w).

Show that Mt(z,w) = G(Bt − z,Bt − w) is a local martingale.

Exercise 45. Show there exist c1, c2 such that

c1G(z)G(w) ≤ G(z,w) ≤ c2G(z)G(w)
|z|+ |w|
|z − w| .
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Exercise 46. Show there exists c <∞ such that for every stopping time T ,

E [MT (z)MT (w)] ≤ cG(z)G(w)
|z|+ |w|
|z − w| .

Suppose D is a bounded domain and let

Ψt = Ψt(D) =

∫

D
Mt(z) d

3z.

Exercise 47. Show that Ψt is a supermartingale. Let

lt =

∫ t

0
1{Bs ∈ D} ds.

Show that there exists c such that
Ψt + c lt

is a martingale.

The take home message from the last exercise is that the usual parametrization of
Brownian motion is (up to a multiplicative constant) the natural parametrization.
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