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Bâtiment CEI-2, 56, Boulevard Niels Bohr, 69603 Villeurbanne, France

mostafa.adimy@inria.fr

2Inria and Institut Camille Jordan, Université Lyon 1
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Abstract

We investigate a mathematical model of hematopoietic stem cell dynamics.
We take two cell populations into account, quiescent and proliferating one, and
we make the difference between dividing cells that enter directly to the quiescent
phase and dividing cells that return to the proliferating phase to divide again. The
resulting mathematical model is a system of two age-structured partial differential
equations. By integrating this system over the age and using the characteristics
method, we reduce it to a delay differential-difference system, and we investigate
the existence and stability of the steady states. We give sufficient conditions for
boundedness and unboundedness properties for the solutions of this system. By
constructing a Lyapunov function, the trivial steady state, describing cell’s dying
out, is proven to be globally asymptotically stable when it is the only equilibrium.
The stability analysis of the unique positive steady state, the most biologically
meaningful one, and the existence of a Hopf bifurcation allow to determine a
stability area, which is related to a delay-dependent characteristic equation. Nu-
merical simulations illustrate our results on the asymptotic behavior of the steady
states and show very rich dynamics of this model. This study may be helpful in
understanding the uncontrolled proliferation of blood cells in some hematological
disorders.



2 AGE-STRUCTURED AND DELAY DIFFERENTIAL-DIFFERENCE MODEL OF HSCS

References

[1] M. Adimy, F. Crauste and S. Ruan, A mathematical study of the hematopoiesis pro-
cess with applications to chronic myelogenous leukemia, SIAM J. Appl. Math, 65 (2005)
pp. 1328-1352.

[2] K. Gu and Y. Liu, Lyapunov-Krasovskii functional for uniform statility of coupled
differential-functional equations, Automatica, 45 (2009) pp. 798-804.

[3] J.K. Hale and S.M. Verduyn Lunel, Introduction to functional differential equations.
Springer-Verlag, New York, 1993.

[4] M.C. Mackey, Unified hypothesis for the origin of aplastic anemia and periodic
hematopoiesis, Blood, 51 (1978) pp. 941-956.


