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1 Phase transitions

In these lectures we shall restrict to a particular class of phase transitions namely “first
order phase transitions with order parameter the [mass] density”. Physically this simply
means that there is a “forbidden interval” of densities, say (ρ′, ρ′′), so that if we put a
mass ρ|Λ| of fluid in the region Λ (|Λ| the volume of Λ) with ρ ∈ (ρ′, ρ′′), (“canonical
constraint”), then the fluid separates into a part with density ρ′ and another one with
density ρ′′. It does not exist an equilibrium state with homogeneous density ρ. Thus if we
“move in Λ” we go from one phase (with density ρ′) to another phase (with density ρ′′)
and we see a “phase transition”.

Existence of phase transitions is a experimentally well established fact. Much less
settled is the question whether statistical mechanics is able to reproduce diagrams like the
one in Figure 1 (which represents the typical phase diagram of a simple fluid) or even
the mere existence of phase transitions. Indeed a complete derivation is still an open
problem, one among the most important in statistical mechanics. Does any reasonable
pair interaction produce a phase transition, which features are the relevant ones ? What is
the origin of the instability which leads from an initial homogeneous state with forbidden
density ρ to the final equilibrium state with coexisting phases ?

While a full answer is still missing there are several partial results, in particular we
shall briefly examine the following issues:

• The Ginzburg-Landau phase transitions. (Phase transitions as a variational prob-
lem.)

• Phase transitions at zero temperature. (Ground states of interacting particles.)

• The Ising model at low temperatures. (Phase transitions via a percolation problem.)

• Kac potentials and the van der Waals theory. (Coarse graining and effective hamil-
tonians.)
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Figure 1: The P − T (pressure-temperature) phase diagram of a simple fluid.

2 One dimensional Gibbs states and long memory

Markov chains

The one dimensional Ising model with Kac potentials is an example where two contrasting
effects fight with each other and give rise to spatial oscillations and so called “microstru-
tures”.

From one side in fact one dimensional systems with finite range do not exhibit phase
transitions while, from the other side, Kac potentials approximate mean field behavior
where phase transitions are present. The two effects find a compromise with a two scales
behavior: on a shorter scale the systems behaves as in a phase transitions and we observe
separation of phases, while on a much larger spatial scale the system looks homogeneous
with no phase transitions.

There are several issues which will be discussed:

• The Perron-Frobenius theorem and spectral gaps. Transfer matrix and absence of
phase transitions.

• Reduction of one dimensional Gibbs fields to Markov chains

• Coarse graining and long memory effects, typical configurations.

• Homogeneous and random external magnetic fields.
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3 Fourier law and hydrodynamic limits.

There are two main classes of stochastic evolutions for particle systems of statistical me-
chanics, the Glauber and the Kawasaki dynamics. They are both Markov processes in
continuous time and they are designed in such a way to have the Gibbs measure station-
ary. In the Glauber dynamics birth and death processes define the evolution while in
the Kawasaki dynamics particles jump and their total number is thus conserved. Then
in the Kawasaki dynamics there is a family of invariant measures characterized by their
particles density, while in the Glauber dynamics the density is not conserved and, in the
absence of phase transitions, there is a unique invariant measure. In the Glauber evolution
all the parts of the system are simultaneously driven toward the unique equilibrium. In
the Kawasaki dynamics something similar happens, each part of the system runs toward
equilibrium, but since the equilibrium is determined by the particles density, each part will
approach the Gibbs state with its local particles density. There will be therefore an initial
phase of the evolution characterized by the establishment of local equilibrium and a second
phase where the local equilibria interact with each other and evolve with a change of the
local densities. The equations ruling such changes are “the hydrodynamic equations” of
the system. Non equilibrium may arise from starting the system in a non equilibrium state
or by adding external fields or by unbalancing the system at the boundaries. We shall
discuss some of these issues in particular models.

• The simple exclusion process and its hydrodynamic limit

• Fourier law and stationary measure with particles reservoirs at the boundaries.

• Hydrodynamics with free boundaries, the Stefan problem.
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